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Group 5: mathematics

Mathematics in action
Oliver Bowles
Answers to the tasks on pp. 10–14.

Task 1
If E = Fs and F = ma then substituting ‘ma’ into Equation 1 gives E = (ma)s = mas

Task 2
!²

v² = u² + 2as, when u = 0 then v² = 2as, divide both sides of the equation by 2s gives a = #$,
!²

substituting this express for ‘a’ back into Equation 3: E = mas gives E = 𝑚 &#$' 𝑠. The ‘s’
)

(displacement) in the numerator and denominator cancel out to give: E = #mv².

Task 3
)

Vertical stretch, scale factor = # 𝜌𝜋𝑟 #.
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Task 4
)

)

Expanding brackets: 𝑓(𝑥)= # [1 − 𝑥 # ][1 + 𝑥] = # [−𝑥 7 − 𝑥 # + 𝑥 + 1]
)

)

)

)

7

)

𝑓′(𝑥)= 𝑓′ 9− # 𝑥 7 − # 𝑥 # + # 𝑥 + #: = − # 𝑥 # − 𝑥 + #
7

)

At a maximum 𝑓′(𝑥)= 0, therefore − # 𝑥 # − 𝑥 + # = 0
)

=>

7

=?

Using the quadratic formula gives: 𝑥 = =
=

Substituting this value of => back into our original power coefficient function gives:
@A
@BCD

) #

)

?

)

I 92
I = Betz’s limit (the ‘Power coefficient’)
= # E1 − &7' F 91 + 7: = 0. 5

Task 5
a

Plot the graph.

b
Given the shape, a polynomial function, such as a quadratic or a cubic, may fit the data well.
An exponential function, given that, ideally, we would like our model to pass through the coordinate
(100,100), is unlikely to be appropriate. Any number greater than 1.05, raised to the power of 100 is
far too large, numbers less than 1 raised to the power of 100 are far too small, and numbers very
close to 1 will not fit the rest of the data. Try it for yourself.
If the context we were modelling required the function to have a degree of validity/meaning for x and y
values outside of the original data set, then it is important to consider the overall behaviour of our
model. For example, if we were modelling the world’s population between 1800 and 2000, it is
desirable that our model provide reasonable estimates of the world’s population during the 1700s (and
before) as well as for the years 2010 and beyond. A cubic and a quadratic, in this context, are unlikely
to be satisfactory.
However, in the context of calculating the Gini coefficient, we are not interested in using our function
outside of the domain of our dataset. The function only needs to provide a close fit to the shape of the
income distribution so that we can calculate a good estimate of the area underneath it.
c
Using a quadratic model of the form f(x) = ax² + bx + c, parameter ‘c’ can be worked out from
reading off where the graph crosses the y-axis. Given the context, 0% of the population can’t earn
more, nor less, than 0% of the income. Therefore c=0 imposes itself as a constraint, required by the
context.
In the context of percentage income and population, it is important that our model function pass
through, or very close to (100,100). It then makes sense, given we have so far used points at each
extreme of the data set, to use a point that is the furthest away from the 45° line so as to capture the
depth of the income distribution’s curve, e.g. (50, 32.5) for the USA data.
100 = a (100)² + b (100)
32.5 = a (50)² + b (50)
Alternatively, one could use the vertex form of a quadratic, f(x) = a(x–h)² + k. It’s unlikely that an ax²
curve, using a vertex of (0,0), which is suggested by the data, will fit the data well. We could then
estimate instead a vertex close to (0,0) e.g. (1,2), and substitute these coordinates in for ‘h’ and ‘k’.
We would then need to select another data point, near the constraint (100,100), to work out the value
of ‘a’.
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Vertex form estimating a vertex to be at the point (1,2): f(x) = a(x – 1)² + 2
Substituting in the coordinate (100,100) to calculate ‘a’: 100 = a(100 – 1)² + 2
d
Using Excel’s regression software for the Swedish data a cubic function only gives a slightly
better R² measure of fit (0.997) than a quadratic (0.995). However the coefficient of 𝑥 7 is very small:
0.00006. In general, when modelling, the simplest models (provided they are within the required
degree of accuracy) are preferred. They are likely to better highlight the essential parameters and also
simplify the subsequent analysis. However, for the USA data, the quadratic model has a similar R²
value (0.98) to the cubic model (0.99), but fails certain other important constraints imposed by the
context (income distribution against population). The quadratic model, y = 0.0125x²–0.3693x+3.8392,
results in only 92% of the income being accounted for by 100% of the population and suggests that
0% of the population accounted for 3.84% of total income. Moreover, the vertex being at (14.8, 1.11)
suggests that 0% of the population accounts for more of the total income than almost all of the first
20%. This model, in the context of incomes, is inappropriate. Despite a small 𝑥 7 of 0.0001, the cubic
model is meaningful, and necessary, in this context.
The fit of a regression model can be further refined to fit the context, as well as the data. The Swedish
quadratic model implies that only 95% of the income is accounted for by 100% of the population and
that approximately 0% of the population accounts for 0.7% of all income. Transformations of graphs
knowledge can be used to refine this model’s parameters. A vertical stretch would more accurately fit
the requirement that 100% of the population account for all 100% of income and a vertical translation
will reduce the y-intercept to (0,0). These modifications lead to the model: g(x)= 0.0072x² + 0.2781x
(where g(x) = % of total income and x = % of total population).
It is also important to be aware of the default settings in different software. For example, Excel gives
trendline parameters rounded to five digits. For the USA data, the model, by default, is y=0.0001𝑥 7 –
0.0081𝑥 # +0.4191x–1.1224
Enter this in your GDC and use it to find the value of y when x=100.
You will find only 59.8% of the total income is accounted for by 100% of the population. This is not a
calculation error but a rounding one. Extending the number of decimal places displayed in Excel (and
adjusting the y-intercept to 0) gives the function: y=0.00014𝑥 7 –0.0081𝑥 # + 0.4191𝑥
This model gives 100.91% of the income being accounted for by 100% of the population, which is a
significant improvement. The external assessment Paper 2 and the exploration both assess the extent
to which students can use technology thoughtfully to enhance the development of the mathematics.
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CHART
Be careful to consider the context’s constraints when modelling, and the software’s default
settings when using computer, regression generated models

Task 6
a
)QQ
Sweden: ∫Q 0.0069𝑥 # + 0.2781𝑥 𝑑𝑥 = [0.0023𝑥 7 + 0.13905𝑥 # ])QQ
Q
= 3690.5
)QQ
USA: ∫Q 0.000137𝑥 7 − 0.0081𝑥 # + 0.4191𝑥𝑑𝑥 =
[0.00003425𝑥 T − 0.0027𝑥 7 + 0.20955𝑥² ])QQ
Q
= 2820.5
b

Area under 45° line, ‘perfect equality’ =

Gini coefficient Sweden:

VQQQW7XYQ.V

Gini coefficient USA:

VQQQ

)QQ × )QQ
#

= 5000

= 0.262 (to 3 s.f.)

VQQQW #Z#Q.V
VQQQ

= 0.436 (to 3 s.f.)
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