6

➜ The karate expert in the photograph has just broken a pile of wooden
planks with a single blow from his hand. Forces in excess of 3000 N have
been measured during karate chops. How is this possible?
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I collided with a
stationary truck coming
the other way.
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Impulse and momentum

D

statement on an
insurance form reported
in the toronto News
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Impulse

1 Impulse
Although the karate expert produces a very large force, it acts for only a short
time. This is often the case in situations where impacts occur, as in the following
example involving a tennis player.

Show that the average
force she applies to the
ball in the cases where
the impact lasts 0.1 s
and 0.015 s are 18 N
and 120 N, respectively.
What does ‘average’
mean in this context?

Discussion point

Solution
You cannot tell unless you know how long the impact lasts, and that will vary
from one shot to another.

PY

Discussion point

A tennis player hits the ball as it is travelling towards her at 10 m s-1 horizontally.
Immediately after she hits it, the ball is travelling away from her at 20 m s-1
horizontally. The mass of the ball is 0.06 kg. What force does the tennis player
apply to the ball?

Although you cannot calculate the force unless you know the time for which
it acts, you can work out the product force × time. This is called the impulse. An
impulse is usually denoted by J and its magnitude by J.

O

Example 6.1

When a constant force acts for a time t the impulse of the force is defined as

C

impulse = force × time

T

The impulse is a vector in the direction of the force. Impulse is often used when
force and time cannot be known separately but their combined effect is known, as
in the case of the tennis ball. The S.I. unit for impulse is the newton second (N s).

Impulse and momentum

AF

The magnitude of the
momentum of an object
is often thought of as
its resistance to being
stopped. Compare the
momentum and kinetic
energy of a cricket ball
of mass 0.15 kg bowled
very fast at 40 m s-1
and a 20 tonne railway
truck moving at the very
slow speed of 1 cm per
second.
Which would you rather
be hit by, an object with
high momentum and
low energy, or one with
high energy and low
momentum?

When the motion is in one dimension and the velocity of an object of mass m
is changed from u to v by a constant force F, you can use Newton’s second law
and the equations for motion with constant acceleration.

D

R

F = ma
and
v = u + at
⇒
mv = mu + mat
Substituting F for ma gives mv = mu + Ft
⇒
Ft = mv - mu
①
The quantity ‘mass × velocity’ is defined as the momentum of the moving object.
The equation ① can be written as

So impulse = change
in momentum
final momentum
initial momentum
The −10 takes account of
the change in direction.
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impulse of force = final momentum - initial momentum

②

This equation also holds for any large force acting for a short time even when it
cannot be assumed to be constant. The force on the tennis ball will increase as it
embeds itself into the strings and then decrease as it is catapulted away, but you
can calculate the impulse of the tennis racket on the ball as
0.06 × 20 - 0.06 × (-10) = 1.8 N s

impulse

Equation ② is also true for a variable force. It is also true, but less often used,
when a longer time is involved.

Example 6.2

A ball of mass 50 g hits the ground with a speed of 4 m s-1 and rebounds with
an initial speed of 3 m s-1. The situation is modelled by assuming that the ball
is in contact with the ground for 0.01 s and that during this time the reaction
force on it is constant.
Find the average force exerted on the ball.

(ii)

Find the loss in kinetic energy during the impact.

(iii)

Which of the answers to parts (i) and (ii) would be affected by a
change in the modelling assumption that the ball is only in contact
with the ground for 0.01 s?

Solution
(i)

3 ms–1

The impulse is given by:
J = mv - mu

+

PY

4 ms–1

= 0.05 × 3 - 0.05 × (-4)
= 0.35

The impulse is also given by

O

J Ns

J = Ft

Chapter 6 Impulse and momentum

(i)

6

Figure 6.1

C

where F is the average force, i.e. the constant force which, acting for the
same time interval, would have the same effect as the variable force which
actually acted.
0.35 = F × 0.01

T

∴

Note

F = 35

(ii)

D

Example 6.3

Initial K.E. = 21 × 0.05 × 4 2
= 0.400 joules

R

Example 6.2
demonstrates the
important point that
mechanical energy is
not conserved during an
impact.
Although the force of
gravity acts during the
impact, its impulse is
negligible over such a
short time.

AF

So the ground exerts an average upward force of 35 N.

Final K.E. = 21 × 0.05 × 3 2
= 0.225 joules
Loss in K.E. = 0.175 joules
(This is converted into heat and sound.)

(iii)

A change in the model will affect the answer to part (i), but not part (ii).

A car of mass 800 kg is pushed with a constant force of magnitude 200 N
for 10 s. The car starts from rest. Resistance to motion may be ignored.
(i)

Find its speed at the end of the ten-second interval by using
(a) the impulse on the car

(ii)

(b) Newton’s second law.

Comment on your answers to part (i).
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Impulse

Solution
(i)

(a) The force of 200 N acts for 10 s, so the impulse on the car is
J = 200 × 10 = 2000 N s

The impulse is in the
direction of the force.

Hence the change in momentum (in N s) is
mv = 2000
v = 2000
= 2.5
800

∴

The speed at the end of the time interval is 2.5 m s-1.
Since the force is
assumed to be a
constant, so is the
acceleration and so you
can use the constant
acceleration formulae.

(b) Newton’s second law
200 = 800a
a = 0.25 m s-2
v = u + at

PY

F = ma

O

v = 0 + 0.25 × 10 = 2.5 m s-1

C

(ii)	
Both methods give the same answer but the method based on
Newton’s second law and the constant acceleration formulae only
works because the force is constant.

T

Consider a variable force F(t) acting on an object in the interval of time 0 ≤ t ≤ T
which changes its velocity from U to V.

AF

At any instant, Newton’s second law gives
F = ma = m dv
dt

D

R

and so the overall effect is given by

Exercise 6.1
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∫

T
0

F dt = m

∫

v =V
v =U

dv
dt = m
dt

∫

V

U

dv

= mV - mU

This is the impulse–momentum equation.

① Find the momentum of the following objects, assuming each of them to be
travelling in a straight line.
(i)
An ice skater of mass 50 kg travelling with speed 10 m s-1.
(ii) An elephant of mass 5 tonnes moving at 4 m s-1.
(iii) A train of mass 7000 tonnes travelling at 40 m s-1.
(iv) A bacterium of mass 2 × 10-16 g moving with speed 1 mm s-1.
② Calculate the impulse required in each of these situations:
(i)
to stop a car of mass 1.3 tonnes travelling at 14 m s-1
(ii) to putt a golf ball of mass 1.5 g with speed 1.5 m s -1
(iii) to stop a cricket ball of mass 0.15 kg travelling at 20 m s-1
(iv) to fire a bullet of mass 25 g with speed 400 m s-1.
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③ A stone of mass 1.5 kg is dropped from rest. After a time interval t s, it has
fallen a distance s m and has velocity v m s-1.
Take g to be 10 m s-2 and neglect air resistance.
(i)
Write down the force F (in N) acting on the stone.
(ii) Find s when t = 2.
(iii) Find v when t = 2.
(iv) Write down the value, units and meaning of Fs and explain why this
has the same value as 1 × 1.5v 2 .
2
(v) Write down the value, units and meaning of Ft and explain why this
has the same value as 1.5v.
④ A ball of mass 200 g is moving in a straight line with a speed of 5 m s-1 when
a force of 20 N is applied to it for 0.1 s in the direction of motion. Find the
final speed of the ball
(i)
using the impulse–momentum equation
(ii) using Newton’s second law and the constant acceleration formulae.
(iii) Compare the methods.
⑤ A girl throws a ball of mass 0.06 kg vertically upwards with initial speed 20 m s-1.
Take g to be 10 m s-2 and neglect air resistance.
(i)
What is the initial momentum of the ball?
(ii) How long does it take for the ball to reach the top of its flight?
(iii) What is the momentum of the ball when it is at the top of its flight?
(iv) What impulse acted on the ball over the period between its being
thrown and its reaching maximum height?
⑥ A netball of mass 425 g is moving horizontally with speed 5 m s-1 when it is
caught.
(i)
Find the impulse needed to stop the ball.
(ii) Find the average force needed to stop the ball if it takes
(a) 0.1 s		
(b) 0.05 s.
(iii) Why does the action of taking a ball into your body make it easier to catch?
⑦ A car of mass 0.9 tonnes is travelling at 13.2 m s-1 when it crashes
head-on into a wall. The car is brought to rest in a time of 0.12 s.
Taking g to be 10 m s-2, find
(i)
the impulse acting on the car
(ii) the average force acting on the car
(iii) the average deceleration of the car in terms of g.
(iv) Explain why many cars are designed with crumple zones rather than
with completely rigid construction.
⑧ Boris is sleeping on a bunk-bed at a height of 1.5 m when he rolls over and
falls out. His mass is 20 kg.
(i)
Find the speed with which he hits the floor.
(ii) Find the impulse that the floor has exerted on him when he has come
to rest.
(iii) Find the impulse he has exerted on the floor.
It takes Boris 0.2 s to come to rest.
(iv) Find the average force acting on him during this time.
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Conservation of momentum
⑨ A railway truck of mass 10 tonnes is travelling at 3 m s-1 along a siding
when it hits some buffers. After the impact it is travelling at 1.5 m s-1 in the
opposite direction.
(i)
Find the initial momentum of the truck.
(ii) Find the momentum of the truck after it has left the buffers.
(iii) Find the impulse that has acted on the truck.
During the impact the force F N that the buffers exert on the truck varies
as shown in this graph.

O

0.1

Figure 6.2

PY

F

0.2

t

State what information is given by the area under the graph.
(v) What is the greatest value of the force F.
⑩ A van of mass 2500 kg starts from rest. In the first 4 seconds after starting,
the driving force on its engine follows the relationship F(t) = 2400t - 300t 2.
(i)
Find the total impulse on the van over the 4 seconds.
(ii) Find the speed of the van, ignoring the effect of air resistance.
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(iv)

AF

2 Conservation of momentum
Collisions

D

R

In an experiment to investigate car design, two vehicles were made to collide
head-on. How would you investigate this situation? What is the relationship
between the change in momentum of the van and that of the car?
+

10 m s–1
20 m s–1

direction defined
to be positive
2500 kg

1000 kg

Figure 6.3

Remember Newton’s third law. The force that body A exerts on body B is equal
to the force that B exerts on A, but in the opposite direction.
Suppose that once the van is in contact with the car, it exerts a force F on the
car for a time t. Newton’s third law tells us that the car also exerts a force F on
the van for a time t. (This applies whether F is constant or variable.) So both
vehicles receive equal impulses, but in opposite directions. Consequently, the
128

increase in momentum of the car in the positive direction is exactly equal to the
increase in momentum of the van in the negative direction. For the two vehicles
together, the total change in momentum is zero.

6

This example illustrates the law of conservation of momentum.
The law of conservation of momentum states that when there are no external
influences on a system, the total momentum of the system is constant.

Since momentum is a vector quantity, this applies to the magnitude of the
momentum in any direction.
For a collision you can say
total momentum before collision = total momentum after collision

Example 6.4

PY

The two vehicles in the previous discussion collide head-on, and, as a result,
the van comes to rest.
10 m s–1

direction defined
to be positive

O

+

1000 kg

C

2500 kg

Figure 6.4

20 m s–1

Chapter 6 Impulse and momentum

It is important to
remember that although
momentum is conserved
in a collision, mechanical
energy is not conserved.
Some of the work done
by the forces is converted
into heat and sound.

Draw diagrams showing the situation before and after the collision.

(ii)

Find the final velocity of the car, v m s-1.

(iii)

Find the impulse on each vehicle.

(iv)

Find the kinetic energy lost.

(v)

In modelling the collision, it is assumed that the impact lasts for onetwentieth of a second. Find the average force on each vehicle and the
acceleration of each vehicle.

Solution

D

Note

R

AF
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(i)

When you are solving
an impact problem,
always draw a ‘before’
and ‘after’ diagram like
this one.
All relevant information
on the masses and
velocities of the two
vehicles is given on it.

(i)

The vehicles are modelled as particles.
10

0

n

20
2500 kg

2500 kg

1000 kg

Before impact

+

1000 kg

After impact

Figure 6.5

(ii)

Note
The vehicles experience
equal and opposite
impulses.

Using conservation of momentum, and taking the positive direction
as being to the right:
2500 × 10 + 1000 × (-20) = 2500 × 0 + 1000 × v
5000 = 1000 v
v=5
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Conservation of momentum

The final velocity of the car is 5 m s-1 in the positive direction
(i.e. the car travels backwards).
Impulse = final momentum - initial momentum

(iii)

For the van, impulse = 2500 × 0 - 2500 × 10
= -25 000 N s
Be careful not to
confuse J as a symbol for
impulse and as the short
form of joule, the unit
for energy.

For the car, impulse = 1000 × 5 - 1000 × (-20)
= +25 000 N s
The van experiences an impulse of 25 000 N s in the negative
direction, the car 25 000 N s in the positive direction.

Total final K.E. = 21 × 2500 × 0 2 + 21 × 1000 × 5 2
= 12 500 joules

Loss in K.E. = 312 500 joules

The impulse is equal to the average force × time. If F is the average
force, then

O

(v)

C

1
25000 = F × 20

F = 500 000 N

The average force on the car is 500 000 N to the right and that on the
van is 500 000 N to the left.
Using F = ma on each vehicle gives an average acceleration of
500 m s-2 for the car and -200 m s-2 for the van.

AF

These accelerations
(500 m s-2 and -200 m s-2)
seem very high. Are they
realistic for a head-on
collision?
Work out the distance each
car travels during the time
interval of one-twentieth of
a second between impact
and separation. This will give
you an idea of the amount of
damage there would be.
Is it better for cars to be
made strong so that there
is little damage, or to be
designed to crumple under
impact?

T

Discussion point

Total initial K.E. = 21 × 2500 × 10 2 + 21 × 1000 × 20 2
= 325 000 joules

PY

(iv)

R

This is over 50g and most people
black out at less than 10g.

D

Example 6.5

In an experiment on lorry bumper design, the Transport Research
Laboratory arranged for a car and a lorry, of masses 1 and 3.5 tonnes, to travel
towards each other, both with speed 9 m s-1.
After colliding, both vehicles moved together. What was their combined
velocity after the collision?

Solution
The situation before and after the collision is illustrated below.
9 m s–1

9 m s–1

The vehicles are treated
as particles and all
relevant information is in
Figure 6.6.

+
1000 kg

3500 kg
Before impact

Figure 6.6
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ν m s–1

4500 kg
1 tonne = 1000 kg

After impact

Taking the positive direction to be to the right, before the collision
1000 × 9 = 9000

momentum of the car in N s:

3500 × (-9) = -31 500

momentum of the lorry in N s:

After the collision, assume that they move as a single object of mass
4.5 tonnes with velocity v m s-1 in the positive direction so that the total
momentum is now 4500v N s.
4500v = -22 500

Momentum is conserved so

v = -5

PY

The car and lorry move at 5 m s-1 in the direction in which the lorry was
moving.

O

A child of mass 30 kg running through a supermarket at 4 m s-1 leaps on to
a stationary shopping trolley of mass 15 kg. Find the speed of the child and
trolley together, assuming that the trolley is free to move easily.

Chapter 6 Impulse and momentum

9000 - 31 500 = -22 500

total momentum in N s:

Example 6.6

6

C

Solution

Figure 6.7 shows the situation before the child hits the trolley

15 kg

AF

30 kg

0 m s–1

T

4 m s–1

R

+

D

Before impact

Figure 6.7

Taking the direction of the child’s velocity as positive, the total momentum
before impact is equal to 4 × 30 + 0 × 15 = 120 N s.
The situation after impact is shown below.
ν m s–1
45 kg
+

After impact

Figure 6.8
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Conservation of momentum

The total mass of child and trolley is 45 kg, so the total momentum after is
45v N s.
Conservation of momentum gives:
45v = 120
v = 2 23
The child and the trolley together move at 2 23 m s-1.

Explosions

PY

Conservation of momentum also applies when explosions take place provided
there are no external forces – for example when a bullet is fired from a rifle, or a
rocket is launched.
Example 6.7

O

A rifle of mass 8 kg is used to fire a bullet of mass 80 g at a speed of 200 m s-1.
Calculate the initial recoil speed of the rifle.

C

Solution

Before the bullet is fired, the total momentum of the system is zero.
u=0

T

Before explosion

Before firing: rifle
and bullet have
zero momentum

AF

Figure 6.9

After firing, the situation is as illustrated below.

R

After explosion

ν

200 m s–1

8 kg

0.08 kg

+

D

Figure 6.10

You have probably
realised that v would
turn out to be negative.

The total momentum in the positive direction after the firing is 8v + 0.08 × 200.
For momentum to be conserved,
8v + 0.08 × 200 = 0
so that
v = −0.088× 200 = −2
The recoil speed of the rifle is 2 m s-1.
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① A spaceship of mass 50 000 kg travelling with speed 200 m s-1 docks with a
space station of mass 500 000 kg travelling in the same direction with speed
195 m s-1. What is their speed after the docking is completed?
② A railway truck of mass 20 tonnes is shunted with speed 3 m s-1 towards a
stationary truck of mass 10 tonnes. What is the speed after impact
(i)
if the two trucks remain in contact
(ii) if the second truck now moves at 3 m s-1?
③ The driver of a car of mass 1000 kg falls asleep while it is travelling at
30 m s-1. The car runs into the back of the car in front which has mass 800 kg
and is travelling in the same direction at 20 m s-1. The bumpers of the two
cars become locked together and they continue as one vehicle.
(i)
What is the speed of the cars immediately after impact?
(ii) What impulse does the larger car give to the smaller one?
(iii) What impulse does the smaller car give to the larger one?
④ A lorry of mass 5 tonnes is about to tow a car of mass 1 tonne. Initially the
tow rope is slack and the car stationary. As the rope becomes taut the lorry is
travelling at 2 m s-1.
(i)
Find the speed of the car once it is being towed.
(ii) Find the magnitude of the impulse transmitted by the tow rope and
state the direction of the impulse on each vehicle.
⑤ A bullet of mass 50 g is moving horizontally at 200 m s-1 when it becomes
embedded in a stationary block of mass 16 kg which is free to slide on a
smooth horizontal table.
(i)
Calculate the speed of the bullet and the block after the impact.
(ii) Find the impulse from the bullet on the block.
The bullet takes 0.01 s to come to rest relative to the block.
(iii) What is the average force acting on the bullet while it is decelerating?
⑥ A spaceship of mass 50 000 kg is travelling through space with speed
5000 m s-1 when a crew member throws a box of mass 5 kg out of the back
with speed 10 m s-1 relative to the spaceship.
(i)
What is the absolute speed of the box?
(ii) What is the speed of the spaceship after the box has been thrown out?
⑦ A gun of mass 500 kg fires a shell of mass 5 kg horizontally with muzzle
speed 300 m s-1.
(i)
Calculate the recoil speed of the gun.
An army commander would like soldiers to be able to fire such a shell from
a rifle held against their shoulders (so they can attack armoured vehicles).
(ii) Explain why such an idea has no hope of success.
⑧ Manoj (mass 70 kg) and Alka (mass 50 kg) are standing stationary facing each
other on a smooth ice rink. They then push against each other with a force
of 35 N for 1.5 s. The direction in which Manoj faces is taken as positive.
(i)
What is their total momentum before they start pushing?
(ii) Find the velocity of each of them after they have finished pushing.
(iii) Find the momentum of each of them after they have finished pushing.
(iv) What is their total momentum after they have finished pushing?

PY

Exercise 6.2
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Conservation of momentum
⑨ A truck P of mass 2000 kg starts from rest and moves down an incline from
A to B as illustrated in Figure 6.11 The distance from A to B is 50 m and
sin α = 0.05. CBDE is horizontal.
A

P

Q
α

C

B
D

E

Figure 6.11
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Neglecting resistance to motion, calculate
(i)
the potential energy lost by the truck P as it moves from A to B
(ii) the speed of the truck P at B.
Truck P then continues from B without loss of speed towards a second
truck Q of mass 1500 kg at rest at D. The two trucks collide and move on
towards E together. Still neglecting resistances to motion, calculate
(iii) the common speed of the two trucks just after they become coupled
together
(iv) the percentage loss of kinetic energy in the collision.
⑩ A pile-driver has a block of mass 2 tonnes which is dropped from a height
of 5 m on to a pile of mass 600 kg which it is driving vertically into the
ground. The block rebounds with a speed of 2 m s-1 immediately after the
impact. Taking g to be 10 m s-2, find
(i)
the speed of the block immediately before the impact
(ii) the impulse acting on the block
(iii) the impulse acting on the pile.
From the moment of impact the pile takes 0.025 s to come to rest.
(iv) Calculate the force of resistance on the pile, assuming it to be constant.
(v) How far does the pile move?
⑪ Katherine (mass 40 kg) and Elizabeth (mass 30 kg) are on a sledge (mass 10 kg)
which is travelling across smooth horizontal ice at 5 m s-1. Katherine jumps off
the back of the sledge with speed 4 m s-1 backwards relative to the sledge.
(i)
What is Katherine’s absolute speed when she jumps off?
(ii) With what speed does Elizabeth, still on the sledge, then go?
Elizabeth then jumps off in the same manner, also with speed 4 m s-1 relative
to the sledge.
(iii) What is the speed of the sledge now?
(iv) What would the final speed of the sledge have been if Katherine and
Elizabeth had both jumped off at the same time, with speed 4 m s-1
backwards relative to the sledge?
⑫ A sledge of mass 5 kg is initially at rest on a smooth, horizontal surface. All
resistances to motion may be neglected. Give all answers correct to three
significant figures.
(i)
A snowball of mass 0.1 kg is thrown at the sledge, strikes it
horizontally at 10 m s-1 and coalesces with it. At what speed does the
sledge move off?
(ii) If a second identical snowball is thrown in the same way, what will the
new speed of the sledge be?
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(iii)

After n identical snowballs have been thrown in the same way show
that the speed of the sledge, v m s-1, is given by v = n .
5 + 0.1n

PY

O

C

Your own experience probably tells you that different balls will rebound to
different heights.
For example, a tennis ball will rebound to a greater height than a cricket ball.
Furthermore, the surface on which the ball is dropped will affect the bounce.
A tennis ball dropped onto a concrete floor will rebound higher than if dropped
onto a carpeted floor. The following experiment allows you to look at this
situation more closely.

T

If you drop two different
balls, say a tennis
ball and a cricket
ball, from the same
height, will they both
rebound to the same
height? How will the
heights of the second
bounces compare with
the heights of the first
ones?

3 Newton’s law of impact

AF

Discussion point

6
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Show that the expression in (iii) may be written as v = 10 − 50 and
5 + 0.1n
hence sketch a graph of the relationship between v and n. How does
the velocity of the sledge change as n increases?
(v) If the snowball were replaced by a rubber ball of the same mass as in (i),
so that it bounced back off the sledge, would the speed of the sledge be
greater, the same or less? Give brief reasons for your answer.
⑬ Ben, whose mass is 80 kg, is standing at the front of a sledge of length 5 m
and mass 40 kg. The sledge is initially stationary and on smooth ice. Ben
then walks towards the back with speed 1 m s-1 relative to the sledge.
(i)
Find the velocity of the sledge while Ben is walking towards the back of it.
(ii) Show that, throughout his walk, the combined centre of mass of Ben
and the sledge does not move.
(iii) Investigate whether the result of part (ii) is true in general for this type
of situation, or just a fluke depending on the particular values of the
variables involved.
(iv)

R

Experiment

D

The aim of this experiment is to investigate what happens when balls bounce.
Make out a table to record your results.
1 Drop a ball from a variety of heights and record the heights of release ha and
rebound hs. Repeat several times for each height.
2 Use your values of ha and hs to calculate va and vs, the speeds on impact and
rebound. Enter your results in your table.
v

3 Calculate the ratio v s for each pair of readings of ha and hs and enter the
a
results in your table.
4 What do you notice about these ratios?
5 Repeat the experiment with different types of ball.

Coefficient of restitution
Newton’s experiments on collisions led him to formulate a simple law relating
to the speeds before and after a direct collision between two bodies, called
Newton’s law of impact.
speed of separation
= constant
speed of approach
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Newton’s law of impact

This can be written as
speed of separation = constant × speed of approach
This constant is called the coefficient of restitution and is conventionally denoted by
the letter e. For two particular surfaces, e is a constant between 0 and 1. It does
not have any units, being the ratio of two speeds.
For very bouncy balls, e is close to 1, and for balls that do not bounce, e is close
to 0. A collision for which e = 1 is called perfectly elastic, and a collision for which
e = 0 is called perfectly inelastic. For perfectly elastic collisions there is no energy
loss. For perfectly inelastic collisions the objects coalesce and the energy loss is
the largest it can be.

Figure 6.12
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Direct impact with a fixed surface

v

The value of e for the ball you used in the experiment is given by s , and you
va
should have found that this had approximately the same value each time for any
particular ball.When a moving object hits a fixed surface which is perpendicular to
its motion, it rebounds in the opposite direction. If the speed of approach is va and
the speed of separation is vs, Newton’s law of impact gives
vs
=e
va

   vs = eva

T

⇒

O

after impact

C

before impact

AF

Collisions between bodies moving in the same
straight line

D

R

Figure 6.13 shows two objects that collide while moving along a straight line.
Object A is catching up with B, and after the collision either B moves away from
A or they continue together.

uA > uB for the collision
to occur

vB ≥ vA as B moves away

from A

+

before

after

uA

uB

νA

νB

mA

mB

mA

mB

Figure 6.13

Speed of approach:

uA − uB

Speed of separation:

vB − vA

By Newton’s law
If the particles coalesce
then vA = vB
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speed of separation = e × speed of approach
⇒

vB − vA = − e(uB − uA)

①

The law of conservation of momentum gives a second equation relating the
velocities before and after impact.

6

momentum after collision = momentum before collision
mAvA + mBvB = mAuA + mBuB

②

Example 6.8

A direct collision takes place between two snooker balls. The white cue ball
travelling at 2 m s-1 hits a stationary red ball. After the collision, the red ball
moves in the direction in which the cue ball was moving before the collision.
The balls have equal mass and the coefficient of restitution between the two
balls is 0.6. Predict the velocities of the two balls after the collision.

PY

Solution

Let the mass of each ball be m. Before the collision, their velocities are uw and
uR. After the collision, their velocities are vw and vR.

O

The situation is summarised in Figure 6.14.
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These two equations, ① and ②, allow you to calculate the final velocities, vA and vB,
after any collision as shown in the next two examples.

C

uR = 0 since the red ball
is stationary
+

uW = 2

νR

νW

AF
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uR = 0

m

m

m

Before impact

Figure 6.14

Speed of approach = 2 − 0 = 2
Speed of separation = vR − vW

R

By Newton’s law of impact

m
After impact

D

Speed of separation = e × Speed of approach

Conservation of
momentum

⇒   vR − vW = 0.6 × 2
⇒   vR − vW = 1.2

①
mvW + mvR = muW + muR

Dividing through by m, and substituting uW = 2, uR = 0, this becomes
vW + vR = 2

②

Adding ① + ② gives 2vR = 3.2
so vR = 1.6, and from equation ②, vW = 0.4.
After the collision both balls move in the original direction of the white cue
ball, the red ball at a speed of 1.6 m s-1 and the cue ball at a speed of 0.4 m s-1.
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Example 6.9

An object A of mass m moving with speed 2u hits an object B of mass 2m
moving with speed u in the opposite direction to A. The coefficient of
restitution is e.
(i)

Show that the ratio of speeds remains unchanged whatever the value
of e.

(ii)

Find the loss of kinetic energy in terms of m, u and e.

Solution
(i)

Let the velocities of A and B after the collision be vA and vB , respectively.
+

A

B

m

2m

Before impact

Figure 6.15

νB

νA

–u
A

B

m

PY

2u

2m

After impact

O

Speed of approach = 2u - (-u) = 3u
Speed of separation = vB - vA
Using Newton’s law of impact

C

speed of separation = e × speed of approach
vB - vA = e × 3u

①

T

Conservation of momentum gives
mvA + 2mvB = m(2u) + 2m(-u)

AF

Dividing by m gives

D

R

Equation ① is
Adding ① + ②

Note

In this case, A and B
lose all their energy
when e = 0, but this is
not true in general. Only
when e = 1 is there
no loss in K.E. Kinetic
energy is lost in any
collision in which the
coefficient of restitution
is not equal to 1.
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From ②,

vA + 2vB = 0
vB - vA = 3eu
3vB = 3eu
vB = eu
vA = -2eu

②

The ratio of speeds was initially 2u : u and finally 2eu : eu so the ratio of
speeds is unchanged at 2 : 1 (providing e ≠ 0).
(ii)

Initial K.E. of A
Initial K.E. of B
Total K.E before impact
Final K.E. of A
Final K.E. of B
Total K.E. after impact
Loss of K.E.

1 m × 2u 2 = 2mu 2
( )
2
1 2m × u 2 = mu 2
2( )

3mu2
1 m × 4e 2u 2 = 2me 2u 2
2

1 2m × e 2u 2 = me 2u 2
2( )

3me2u2
3mu2(1 - e2)

You will find it helpful to draw diagrams when answering these questions.
① In each of the situations shown below, find the unknown quantity, either the
initial speed u, the final speed v or the coefficient of restitution e.

1.8 m s–1

e=?

after

(ii) before

1.2 m s–1

2.4 m s–1

(iii) before

(iv)

after

2.4 m s–1

1.8 m s–1

after

e = 0.6

before

ν=?

after

4 m s–1

ν=?

e=?

e = 0.8

O

Figure 6.16
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(i) before

PY

Exercise 6.3
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② Find the coefficient of restitution in the following situations.
(i)
A football hits the goalpost at 10 m s-1 and rebounds in the opposite
direction with speed 3 m s-1.
(ii) A beanbag is thrown against a wall with speed 5 m s-1 and falls straight
down to the ground.
(iii) A superball is dropped onto the ground, landing with speed 8 m s-1 and
rebounds with speed 7.6 m s-1.
(iv) A photon approaches a mirror along a line normal to its surface with speed
3 × 108 m s-1 and leaves it along the same line with speed 3 × 108 m s-1.
③ A tennis ball of mass 60 g is hit against a practice wall. At the moment of
impact it is travelling horizontally with speed 15 m s-1. Just after the impact
its speed is 12 m s-1, also horizontally. Find
(i)
the coefficient of restitution between the ball and the wall
(ii) the impulse acting on the ball
(iii) the loss of kinetic energy during the impact.
④ A ball of mass 80 g is dropped from a height of 1 m onto a level floor and
bounces back to a height of 0.81 m. Find
(i)
the speed of the ball just before it hits the floor
(ii) the speed of the ball just after it has hit the floor
(iii) the coefficient of restitution
(iv) the change in the kinetic energy of the ball from just before it hits the
floor to just after it leaves the floor
(v) the change in the potential energy of the ball from the moment when
it was dropped to the moment when it reaches the top of its first
bounce
(vi) the height of the ball’s next bounce.
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⑤ In each of the situations below, a collision is about to occur. Masses are
given in kilograms, speeds are in metres per second. In each case
(i)
Draw diagrams showing the situation before and after impact, including
known velocities and the symbols you are using for velocities that are
not yet known.
(ii) Use the equations corresponding to the law of conservation of
momentum and to Newton’s law of impact to find the final velocities.
(iii) Find the loss of kinetic energy during the collision.
4
5

5

2

0

6

(e)

e = 12–

1

2

2

1

e=0

2
5

(f)

e

8

4

e = 12–

2
1

e=1

2

4

e = 0.2

AF

T

⑥ Two children drive dodgems straight at each other, and collide head-on.
Both dodgems have the same mass (including their drivers) of 150 kg. Isobel
is driving at 3 m s-1, Stuart at 2 m s-1. After the collision Isobel is stationary.
Find
(i)
Stuart’s velocity after the collision
(ii) the coefficient of restitution between the cars
(iii) the impulse acting on Stuart’s car
(iv) the kinetic energy lost in the collision.
⑦ A trapeze artist of mass 50 kg falls from a height of 20 m into a safety net.
(i)
Find the speed with which she hits the net. (You may ignore air
resistance.)
Her speed on leaving the net is 15 m s-1.
(ii) What is the coefficient of restitution between her and the net?
(iii) What impulse does the trapeze artist receive?
(iv) How much mechanical energy is absorbed in the impact?
(v) If you were a trapeze artist would you prefer a safety net with a high
coefficient of restitution or a low one?
⑧ Two spheres of equal mass, m, are travelling towards each other along the
same straight line when they collide. Both have speed v just before the
collision and the coefficient of restitution between them is e.Your answers
should be given in terms of m, v and e.
(i)
Draw diagrams to show the situation before and after the collision.
(ii) Find the velocities of the spheres after the collision.
(iii) Show that the kinetic energy lost in the collision is given by mv2(1 − e2).
(iv) Explain why the result in part (iii) shows that e cannot have a value
greater than 1.

R
D
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1
2

= 12–

C

Figure 6.17

5

(d)

4

4
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(c)

(b)

2

O

(a)

⑨ Three identical spheres are lying in the same straight line. The coefficient of
restitution between any pair of spheres is 1 . Initially the left-hand sphere has
2
a velocity of 2 m s-1 towards the other two which are both stationary. What
are the final velocities of all three, when no more collisions can occur?
0

0

m

m

m

Figure 6.18

B

O

A
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⑩ Figure 6.19 shows two snooker balls and one edge cushion. The coefficient
of restitution between the balls and the cushion is 0.5 and that between the
balls is 0.75. Ball A (the cue ball) is hit directly towards the stationary ball B
with speed 8 m s-1. Find the speed and directions of the two balls after their
second impact with each other.
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6

Figure 6.19
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⑪ A ball of mass 0.1 kg rolls along a smooth table with speed 6 m s–1. It hits a
stationary ball of mass 0.2 kg. After the collision the speed of the first ball is
v m s–1. The coefficient of restitution between the two balls is e. The two balls
move in the same straight line.
(i)
Show that v = 2(1 – 2e).
(ii) Find the range of possible values of v.
⑫ Two spheres A and B, of masses 0.5 kg and 0.3 kg respectively, are suspended
by light inextensible strings from the ceiling. Sphere A hangs at rest and
sphere B falls towards it so that the speed of B directly before impact is
4 m s–1. The impact is direct, so that the velocities of the spheres before
and after impact are along the same straight line. Find the speed of A
immediately after the impact if
(i)
the loss of kinetic energy in the impact is as great as possible
(ii) there is no loss of kinetic energy in the collision.
⑬ A spacecraft has two parts which may separate in flight, the body with mass
15 000 kg and the nose-cone with mass 5000 kg. They rejoin by means of a
‘docking’ procedure which requires the nose-cone and body to approach
along the axis shown in Figure 6.20 with a speed of approach of no more
than 3 m s-1. If the speed of approach is too great, the linking mechanism will
not engage and the two parts will bounce off each other with a speed of
1
separation which is 4 of the speed of approach (i.e. a coefficient of restitution
of 0.25). At all times both parts may be taken as travelling in a straight line.
Body
Backwards

15 000 kg

Nose-cone
5000 kg

Forwards
Axis

Figure 6.20
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On one occasion the body is travelling forwards at 105 m s-1 and the nosecone at 103 m s-1.
(i)
Draw diagrams showing the velocities of the parts before and after
docking.
(ii) Calculate the final velocity of the spacecraft.
On another occasion the nose-cone is moving backwards at 5.5 m s-1 and
the body forwards at 2.5 m s-1.
(iii) Show that the body comes to rest and find the direction and speed of
the nose-cone.
After this has happened, before a further attempt to dock is made, the speed
of the body is changed in its line of motion by expelling a mass m kg of fuel.
The fuel is expelled at a speed of 2000 m s-1 and you may assume that all the
fuel is expelled instantaneously (i.e. before the body changes speed).
(iv) What value of m would cause the body to have a forward speed of
2.5 m s-1 after the fuel is expelled?
⑭ Two particles A and B, of masses 20 kg and m kg respectively, are initially at
rest. A force of 15 N acts for 12 s on particle A.
(i)
Calculate the magnitude of the impulse given to particle A. Show that
the speed of the particle at the end of the 12 s is 9 m s-1.
Particle A now collides with particle B. Except during the collision, the
forces acting on the particles are negligible.
(ii) Explain why the linear momentum of the pair of particles is conserved in
the collision but the linear momentum of each individual particle is not.
Immediately after the collision, particles A and B have speeds of 3 m s-1 and
5 m s-1, respectively, in the original direction of motion of particle A.
(iii) Find the coefficient of restitution between the particles in the collision.
(iv) Calculate the value of m. Calculate also the impulse given to particle A
in the collision.
Figure 6.21 shows a new situation in which particle C collides with particle
D. Particle C has mass 20 kg and speed 8 m s-1. Particle D has mass M kg and
speed 13 m s-1. The coefficient of restitution is 1 .
3

8 m s–1

13 m s–1

C
20 kg

D
M kg

Figure 6.21

If particle C is brought to rest in the collision, find M. What would
happen to particle C after the collision if the mass of particle D were
greater than this value?
⑮ A disc A of mass 2 kg is sliding with speed u m s-1 over a smooth horizontal
table when it makes direct contact with disc B of mass 3 kg which is initially
at rest. The coefficient of restitution in the collision is e.
(i)
Draw a diagram indicating the velocities of the discs before and after
the collision.
(ii) Write down two equations involving the velocities of the discs before
and after the collision.
(v)
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Solve the equations to show that after the collision disc A has a speed of

u 2 − 3e
) in the original direction of its motion, and find the velocity
5(

(

)
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of disc B.
(iii) For what values of e will the direction of the motion of disc A change
in the collision?
(iv) Find the value of e for which disc A moves off after the collision with
u
speed 10
in the opposite direction to its original motion. Find an
expression for the kinetic energy lost in the collision in this case.
⑯ The coefficient of restitution between a ball and the floor is e. The ball is
dropped from a height h. Air resistance may be neglected, and your answers
should be given in terms of e, h, g and n, the number of bounces.
(i)
Find the time it takes the ball to reach the ground and its speed when it
arrives there.
(ii) Find the ball’s height at the top of its first bounce.
(iii) Find the height of the ball at the top of its nth bounce.
(iv) Find the time that has elapsed when the ball hits the ground for the
second time, and for the nth time.
(v) Show that according to this model the ball comes to rest within a finite
time having completed an infinite number of bounces.
(vi) What distance does the ball travel before coming to rest?
⑰ Two spheres which are travelling at the same speed in opposite directions
collide directly. Immediately after the collision they move in the same
direction with equal momenta. If the coefficient of restitution between the
spheres is 1 , show that the ratio of the masses of the spheres is 2 + 3 : 1.
2
⑱ Three identical smooth spheres A, B and C lie at rest on a smooth horizontal
table with their centres in a straight line and B lying between A and C.
A is projected towards B with speed u. If the coefficient of restitution at each
collision is e, where 0 < e < 1, find the velocity of each of the spheres just after
C is set in motion. Show that A strikes B a second time whatever the value of
e and that B strikes C a second time if e is less than 3 − 2 2 .

Key points

D

1 The impulse from a force F is given by Ft where t is the time for which the
force acts.
2 Impulse is conventionally denoted by J. It is a vector quantity.
3 The momentum of a body of mass m travelling with velocity v is given by mv.
Momentum is a vector quantity.
4 The S.I. unit of impulse and momentum is the newton second (N s).
5 The impulse–momentum equation is
impulse = final momentum - initial momentum
6 The law of conservation of momentum states that when no external forces
are acting on a system, the total momentum of the system is constant.
Since momentum is a vector quantity this applies to the magnitude of the
momentum in any direction.
7 Newton’s law of impact:
speed of separation

coefficient of restitution e = speed of approach

speed of separation = e × speed of approach
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When you have completed this chapter, you should
➤➤ know how to apply the principle of conservation of momentum to direct
impacts
➤➤ understand Newton’s law of impact and know the meaning of coefficient of
restitution
➤➤ know and use the fact that 0 ≤ e ≤ 1
➤➤ understand the implications of values of 0 and 1 for the coefficient of
restitution
➤➤ understand that when the coefficient of restitution is less than 1, energy is
not conserved during an impact
➤➤ be able to find the loss of kinetic energy during a direct impact
➤➤ know that for perfectly elastic collisions there is no energy loss
➤➤ know that for perfectly inelastic collisions the energy loss is the largest it can be.
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