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It is utterly implausible 
that a mathematical 
formula should make 
the future known to us, 
and those who think it 
can would once have 
believed in witchcraft.

Betrand	de	Jouvenel

Bivariate data (regression lines)5

note
Notice	that	the	amount	of	liquid	feed	is	not	a	random	variable;	it	is	a	controlled	
variable.
You	can	see	this	from	the	way	that	the	values	of	x go	up	in	steps	of	40.	These	are	the	
doses	given	in	ml.

Discussion	point
Janice	grows	tomatoes	in	her	greenhouse.	Every	year,	she	uses	a	liquid	feed	to	
try	to	get	a	bigger	yield.	One	year,	she	wonders	if	there	is	a	relationship	between	the	
amount	of	fertiliser	she	uses	and	the	yield	of	the	tomatoes.	She	does	an	experiment	
where	she	takes	seven	tomato	plants	and	gives	each	of	them	a	different	amount	of	
feed.	The	table	below	shows	the	amount	of	fertiliser,	x	ml,	and	the	yield,	y	kg,	for	
each	of	the	plants.
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Table	5.1

x 40 80 120 160 200 240 280

y 3.1 3.8 3.6 4.0 4.4 4.4 4.3

Figure 5.1 shows a scatter diagram for the data that Janice collected.

40 
1

2

3

4

5

6

7

80 120 160 200 240 280
x

y

Figure	5.1

Looking at her scatter diagram, Janice thinks that there is probably a relationship 
between the amount of fertiliser and the yield. She considers drawing a line of 
best fit by eye but then a friend suggests that she should use a calculation to find 
the equation of a suitable line.

5.1		The	least	squares	regression	
line	(random	on	non-random)

A correlation coefficient provides you with a measure of the level of association 
between the two variables in a bivariate distribution.

If this indicates that there is a relationship, your question will be ‘What is it?’ In 
the case of linear correlation, it can be expressed algebraically as a linear equation 
or geometrically as a straight line on the scatter diagram.

Before you do any calculations, you first need to look carefully at the two 
variables that give rise to your data. It is normal practice to plot the dependent 
variable on the vertical axis and the independent variable on the horizontal axis. In 
the last example, the independent variable was the dose the tomatoes were given. 
In many situations, the independent variable is the time at which measurements 
are made. Notice that these are non-random variables. The procedure that 
follows leads to the equation of the regression line, the line of best fit in these 
circumstances.

Look at the scatter diagram (Figure 5.2) showing the n points A(x
1
, y

1
), B(x

2
, 

y
2
),..., N(xn, yn). On it is marked a possible line of best fit l. If the line l passed 

through all the points there would be no problem since there would be perfect 
linear correlation. It does not, of course, pass through all the points and you 
would be very surprised if such a line did in any real situation.
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ε2    y2 – (a – bx2)
is positive. 

ε1 is negative

Line l has equation

y = a + bx

(xn , yn)
(x2 , y2)

(x1 , y1)

(x3 , y3)

N
εn

A

B
ε3

A‘(x1, a + bx1)

x

y

ε2

y1 – (a + bx1)ε1=

=

Figure	5.2	Bivariate data plotted on a scatter diagram with the regression line, l, 
y = a + bx, and the residuals	 nε ε ε…, , ,1 2

By how much is it missing the points? The answer to that question is shown 
by the vertical lines from the points to the line. Their lengths nε ε ε…, , ,1 2  
are called the residuals and represent the variation which is not explained by the 
line l. The least squares regression line is the line which produces the least possible 
value of the sum of the squares of the residuals, ε ε ε+ +…+1

2
2
2 2

n.

If the equation of the line l is y = a + bx, then it is easy to see that the point 
A´ on the diagram, directly above A, has co-ordinates (x

1
, a + bx

1
) and so 

the corresponding residual, ε1 , is given by ε1  = y
1
 - (a + bx

1
). Similarly, for 

nε ε ε…, , ,1 2
.

The problem is to fi nd the values of the constants a and b in the equation of the 
line l which make nε ε ε+ +…+1

2
2
2 2 a minimum for any particular set of data, 

that is, to minimise

a b a b a by x y x y xn n( ) ( ) ( )− +  + − +  + + − + ...
1 1

2

2 2

2 2

The mathematics involved in doing this is not particularly diffi  cult. 
The resulting equation of the regression line is given below.

y y b x x

b
S
S
xy

xx

( )− = −

=where

For Janice’s data on the yield from tomato plants you can fi nd the equation of 
the regression line as follows.

note
You	have	already	met	
Sxx and	Sxy in	Chapter	4.	
They	are	defi	ned	as:

2 2 –2= Σ( − ) = Σ −S x x x xxx

= Σ( − )( − )

= Σ −

S x x y y

xy nx y
xy
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Table	5.2

x y x2 xy
  40  3.1   1600  124

  80  3.8   6400  304

 120  3.6  14 400  432

 160  4.0  25 600  640

 200  4.4  40 000  880

 240  4.4  57 600 1056

 280  4.3  78 400 1204

Total 1120 27.6 224 000 4640

x x
n y y

n= Σ = = = Σ = = …1120
7 160  27.6

7 3.94

S x nxxx = Σ − = − × =224000 7 160 448002 2 2

S xy nx y
S
Sxy
xy

xx
= Σ − = − × × … = = = =  4640 7 160 3.94 224  224

44800 0.005b

Hence the least squares regression line is given by

y y x x− = −( )b

y x( )− … = −3.94  0.005 160

y x= +3.14 0.005

notes
1 In	the	preceding	work	you	will	see	that	only	variation	in	the	y values	has	been	

considered.	The	reason	for	this	is	that	the	x values	represent	a	non-random	
variable.	That	is	why	the	residuals	are	vertical	and	not	in	any	other	direction.	
Thus	y1,	y2,...	are	values	of	a	random	variable	y given	by	y =	a +	bx +	ε,	where	
ε	is	the	residual	variation,	the	variation	that	is	not	explained	by	the	regression	
line.

2	 The	goodness	of	fi	t	of	a	regression	line	may	be	judged	by	eye	by	looking	at	a	
scatter	diagram.	An	informal	measure	which	is	often	used	is	the	coeffi	cient	of	
determination,	r2,	which	measures	the	proportion	of	the	total	variation	in	the	
dependent	variable,	Y,	which	is	accounted	for	by	the	regression	line.	There	is	
no	standard	hypothesis	test	based	on	the	coeffi	cient	of	determination.

3	 This	form	of	the	regression	line	is	often	called	the	y on x regression line.	If,	
for	some	reason,	you	had	y as	your	independent	variable,	you	would	use	the	
‘x on	y’	form	obtained	by	interchanging	x and	y in	the	equation.

A patient is given a drip feed containing a particular chemical and its 
concentration in his blood is measured, in suitable units, at one hour intervals 
for the next fi ve hours. The doctors believe the fi gures to be subject to 
random errors, arising both from the sampling procedure and the subsequent 
chemical analysis, but that a linear model is appropriate.

note
As	when	calculating	the	
correlation	coeffi	cient,	
the	fi	rst	step	in	calcula-
ting	the	equation	of	the	
reg	ression	line	is	to	fi	nd	
the	mean	values	of	x	and	y.

Example 5.1
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Table	5.3

Time, x (hours) 0 1 2 3 4 5

Concentration, y 2.4 4.3 5.2 6.8 9.1 11.8

(i) Find the equation of the regression line of y on x.
(ii) Illustrate the data and your regression line on a scatter diagram.
(iii) Estimate the concentration of the chemical in the patient’s blood at

(a) 3½ hours,
(b) 10 hours after treatment started.

Comment on the likely accuracy of your predictions.

(iv) Calculate the residuals for each data pair. Check that the sum of the residu-
als is zero and fi nd the sum of the squares of the residuals.

Solution
(i) n = 6

Table	5.4

x y x2 xy

 0  2.4  0   0.0

 1  4.3  1   4.3

 2  5.2  4  10.4

 3  6.8  9  20.4

 4  9.1 16  36.4

 5 11.8 25  59.0

15 39.6 55 130.5

x x
n y y

n= Σ = = = Σ = =15
6 2.5  39.6

6 6.6

S x nxxx = Σ − = − × =55 6 2.5 17.52 2 2

S xy nxyxy = Σ − = − × × =  130.5 6 2.5 6.6 31.5
S
S
xy

xx
= = =31.5

17.5 1.8b

Hence the least squares regression line is given by

y y x x( )− = −b

y − 6.6 = 1.8(x − 2.5)

y x= +2.1 1.8

note
You	can	see	from	the	
intervals	that	x	is	a	
controlled	variable.
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Figure	5.3

(iii) When x = 3.5,
 y = 2.1 + 1.8 × 3.5
     = 8.4.
 When x = 10,
 y = 2.1 + 1.8 × 10
     = 20.1.

 The concentration of 8.4 lies between the measured values of 6.8 at time 
3 hours and 9.1 at time 4 hours, so the prediction seems quite reasonable.

 The time ten hours is a long way outside the set of data times; there is 
no indication that the linear relationship can be extrapolated to such 
a time, even though there seems to be a good fi t, so the prediction is 
 probably unreliable.

(iv) For each pair of data, (x, y), the corresponding point on the regression 
line is denoted by x y( ), ˆ . So the predicted value is ŷ = 2.1 + 1.8x.

 Corresponding values of y and ŷ  are tabulated below, together with the 
 residuals and their squares.

Table	5.5

x y ŷ y – ŷ ( y – ŷ)

 0  2.4  2.1 0.3 0.09

 1  4.3  3.9 0.4 0.16

 2  5.2  5.7 -0.5 0.25

 3  6.8  7.5 -0.7 0.49

 4  9.1  9.3 -0.2 0.04

 5 11.8 11.1  0.7 0.49

15 39.6 39.6  0.0 1.52

You can see that the sum of the residuals, y y( )Σ − ˆ  is zero, and that the 

sum of the squares of the residuals, y y( )Σ − ˆ 2, is 1.52.

note
In	this	case,	the	value	of	
x	from	which	you	want	
to	predict	the	value	of	y	
lies	within	the	range	of	
data	values.
This	is	an	example	of	
interpolation	(meaning	
literally	within	the	
points).

note
In	this	second	case,	the	
value	of	x	from	which	
you	want	to	predict	the	
value	of	y	lies	outside	
the	range	of	data	
values.
This	is	an	example	of	
extrapolation	(meaning	
literally	outside	the	
points).

note
So	the	actual	data	point	
(x,y)	is	in	the	same	
vertical	line	as	(x,ŷ)	on	
scatter	diagram.
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1 Enter the data in two columns.

2 Use the formulae provided by your spreadsheet, for example -SLOPE and 
-INTERCEPT. In Figure 5.4 they are in cells B12 and B13.

3 To obtain a scatter diagram of your data, highlight the two columns of data 
and then choose the relevant options, for example Insert followed by scatter 
diagram. Customise it as necessary.

4 You can display the least squares regression line on the scatter diagram by 
highlighting the data points on the diagram, right-clicking and choosing the 
relevant option such as ‘add trendline’. You can also display the equation by 
choosing the relevant option when you add the ‘trendline’.

Figure	5.4

Exercise 5.1
①	 For the following bivariate data

(i) Find the mean values of x and y.

(ii)	 Find the values of Sxx and Sxy.

(iii)	 Find the equation of the least squares regression line of y on x.

Table	5.6

x 5 10 15 20 25

y 30 28 27 27 21

②	 Calculate the equation of the regression line of y on x for the following 
distribution and use it to estimate the value of y when x = 42.

Table	5.7

x 25 30 35 40 45 50

y 78 70 65 58 48 42

③	 The 1980 and 2000 catalogue prices, in pence, of fi ve British postage stamps 
are as follows.

Table	5.8

1980 price, x  10  20  30  40  50

2000 price, y 100 215 280 360 450

(i)	 Plot these data on a scatter diagram.

(ii)	 Calculate the equation of the regression line and draw it accurately on 
your scatter diagram.

They	are	columns	A	and	B	in	Figure	5.4.
uSing	iCT

a	spreadsheet
Setting	up	a	
spreadsheet	to	work	
out	the	coeffi	cients	
a and	b of	the	least	
squares	regression	
line,	y =	a +	bx,	is	fairly	
straightforward;	it	
will	also	display	a	
scatter	diagram.	This	is	
illustrated	in	Figure	5.4	
using	the	data	from	the	
previous	example.	It	is	
obtained	by	carrying	out	
these	steps.
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(iii)	 Another stamp was valued at £5 in 1980 and £62 in 2000. Comment.

(iv)	 Calculate the values of the five residuals and illustrate them on your 
graph.

(v)	 Find the sum of the squares of the residuals and relate this to the least 
squares regression line.

④	 The speed of a car, v m s, at time t s after it starts to accelerate is shown in the 
table below, for 0 ≤ t ≤ 10.

Table	5.9

t 0 1 2 3 4 5 6 7 8 9 10

v 0 3.0 6.8 10.2 12.9 16.4 20.0 21.4 23.0 24.6 26.1

	 (Σt = 55, Σv = 164.4, Σt2 = 385, Σv2 = 3267.98, Σtv = 1117.0.)

	 The relationship between t and v is initially modelled by using all the data 
above and calculating a single regression line.

(i) Plot a scatter diagram of the data, with t on the horizontal axis and v 
on the vertical axis.

(ii)	 Using all the data given, calculate the equation of the regression line 
of v on t. Give numerical coefficients in your answers correct to 
3 significant figures.

(iii)	 Calculate the product moment correlation coefficient for the given 
data.

(iv)	 Comment on the validity of modelling the data by a single straight line 
and on the answer obtained in part (iii).

⑤	 The results of an experiment to determine how the percentage sand content 
of soil, y, varies with the depth in cm below ground level, x, are given in the 
following table.

Table	5.10

x 0 6 12 18 24 30 36 42 48

y 80.6 63.0 64.3 62.5 57.5 59.2 40.8 46.9 37.6

(i)	 Illustrate the data by a scatter diagram.

(ii)	 Calculate the equation of the regression line and plot it on your graph.

(iii)	 Use your regression equation to predict the values of y for x = 50 and  
x = 100. Comment on the validity of your predictions.

(iv)	 Calculate the residuals and explain why their sum is zero.

⑥	 Observations of a cactus graft were made under controlled environmental 
conditions. The table gives the observed heights, y cm, of the graft at x 
weeks after grafting. Also given are the values of z = ln(y).

Table	5.11

x 1 2 3 4 5 6 8 10

y 2.0 2.4 2.5 5.1 6.7 9.4 18.3 35.1

z = ln(y) 0.69 0.88 0.92 1.63 1.90 2.24 2.91 3.56

(i) Draw two scatter diagrams, one for y and x, and one for z and x.

MEi

MEi
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(ii)	 It is desired to estimate the height of the graft seven weeks after 
grafting. Explain why your scatter diagrams suggest the use of the line 
of regression of z on x for this purpose, but not the line of regression of 
y on x.

(iii)	 Obtain the required estimate given that Σx = 39, Σx2 = 255, 
Σz = 14.73, Σz2 = 34.5231, Σxz = 93.55.

⑦	 In an experiment on memory, fi ve groups of people (chosen randomly) 
were given varying lengths of time to memorise the same list of 40 words. 
Later, they were asked to recall as many words as possible from the list. The 
table below shows the average number of words recalled, y, and the time 
given, t s.

Table	5.12

t 20 40 60 80 100

y 12.1 18.5 22.8 24.6 24.0

(i) Plot the data on a scatter diagram.

(ii)	 Calculate the equation of the regression line for y on t.
(iii)	 Use your regression line to predict y when t = 30 and t = 160. 

Comment on the usefulness or otherwise of these results.

(iv)	 Discuss briefl y whether the regression line provides a good model or 
whether there is a better way of modelling the relationship between y 
and t.

⑧	 A farmer is investigating the relationship between the density at which 
a crop is planted and the quality. By using more seed per hectare (x) he 
can increase the yield, but he suspects that the percentage of high-quality 
produce (y) may fall. The farmer collects data which he enters into the 
spreadsheet below. He also uses the spreadsheet to produce a scatter diagram.

	

(i) Discuss how suitable a straight line model would be for the relationship 
between y and x.

(i) Use the sums in the spreadsheet to help you calculate the equation of 
the regression line of y on x.

(i) Obtain from your regression line the predicted values of y at x = 145 
and x = 180. Comment, with reasons, on the likely accuracy of these 
predictions.

MEi

MEi
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⑨	 A car manufacturer is testing the braking distance for a new model of car. 
The table shows the braking distance, y m, for different speeds, x km h-1, 
when the brakes were applied.

Table	5.14

Speed of car, x km h-1 30 50 70 90 110 130

Braking distance, y m 25 50 85 155 235 350

(i) Plot a scatter diagram on graph paper.

(ii)	 Calculate the equation of the regression line of y on x. Draw the line 
on your scatter diagram, together with the residuals.

(iii)	 Use your regression equation to predict values of y when x = 100 
and x = 150. Comment, with reasons, on the likely accuracy of these 
predictions.

(iv)	 Discuss briefly whether the regression line provides a good model or 
whether there is a better way of modelling the relationship between y 
and x.

⑩	 The authorities in a school are concerned to ensure that their students enter 
appropriate mathematics examinations. As part of a research project into 
this they wish to set up a performance-prediction model. This involves the 
students taking a standard mid-year test, based on the syllabus and format of 
the final end-of-year examination.

	 The school bases its model on the belief that in the final examination 
students will get the same things right as they did in the mid-year test and, 
in addition, a proportion, p, of the things they got wrong.

	 Consequently, a student’s final mark, y %, can be predicted on the basis of his 
or her test mark, x%, by the relationship

y x p x( )= + × −100

p ( )= + ×Final mark test mark the marks the student did not get on the test

	 Investigate this model, using the following bivariate data. Start by finding 
the y on x regression line and then rearrange it to estimate p.

Table	5.15

x y x y x y x y
40 55 27 44 60 72 46 70

22 40 32 50 50 70 70 85

10 25 26 49 90 95 33 63

46 68 68 76 30 50 40 60

66 75 54 66 64 80 56 57

8 32 68 70 100 100 45 55

48 69 88 92 44 50 78 85

58 66 48 59 58 62 68 80

50 51 82 90 54 60 78 85

80 85 66 76 24 31 89 91

MEi
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5.2		The	least	squares	regression	
line	(random	on	random)

Although the approach so far is only true for a random variable on a non-
random variable, it happens that, for quite diff erent reasons, the same form of the 
regression line applies if both variables are random and have a bivariate normal 
distribution. If this is the case, the scatter diagram will show an approximately 
elliptical distribution. Since this is a common situation, this form of the 
regression line may be used more widely than might at fi rst have seemed to be 
the case. Because both variables are random, there are, in fact, two regression 
lines, y on x and x on y. If a value of y is to be estimated from a value of x, then 
the regression line of y on x must be used. If, however, a value of x is to be 
estimated from a value of y, then the regression line of x on y must be used.

The equation of the regression line of y on x is the same as that for the random 
on non-random case:

( )− = −y y
S
S x xxy

xx

The equation of the regression line of y on x follows the same form with x and 
y interchanged:

( )− = −x x
S
S y yxy

yy

The goodness of fi t of the regression line can be judged by examining the 
scatter diagram. As in the random on non-random case, an additional method 
is to fi nd the coeffi  cient of determination. This is the square of the value of 
Pearson’s product moment correlation coeffi  cient. This value gives an estimate 
of the proportion of variation in one variable that is explained by the variation 
in the other variable. Other factors are responsible for the remainder of the 
variation.

The VR (verbal reasoning) and NVR (non-verbal reasoning) scores for a 
group of 60 students were obtained from tests given to the students on the 
two areas; these variables are labelled x and y respectively.

Summary fi gures are as follows:

 Σx = 7105, Σy = 7132, Σx2 = 846357, Σy2 = 853620, Σxy = 846371, n = 60.

The correlation coeffi  cient between x and y is 0.337.

The scatter diagram below illustrates the data.

note
The	y	on	x	regression	
line	estimates	the	
expectation	of	y	as	a	
linear	function	of	the	
value	of	x	(and	the	
equivalent	for	any	pair	
of	variables).

Example 5.2
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Figure	5.6

(i)  Explain why it may be appropriate to calculate the equation of a 
regression line, despite the fact that both variables are random.

(ii)  Calculate the equation of a regression line which is suitable to estimate 
the value of the VR score for a student who missed the VR test but 
whose NVR score is known.

(iii) Estimate the VR score for a student whose NVR score is 125.

(iv) Comment on how reliable your estimate is likely to be.

Solution
(i)  Although both variables are random, the scatter diagram appears to have 

a roughly elliptical shape and so the distribution is of the variables may 
be bivariate Normal.

(ii)  Since we are trying to estimate the value of x we need to use the 
regression line of x on y:

( )− = −x x
S
S y yxy

yy

= Σ −
Σ Σ

= − × =846371 7105 7132
60 1823.333S xy

x y
nxy

( )= Σ −
Σ

= − =  853620 7132
60 5862.9332

2 2

S y
y
nyy

The equation of the regression line is

x y7105
60

1823.333
5862.933

7132
60( )− = −

So x y118.417 0.310993 118.867( )− = −

So x y0.311 81.4= +

(iii) The estimate is x 0.311 125 81.4 120.3= × + = .

•	 	The	scatter	diagram	shows	that	the	points	do	not	lie	very	close	to	a	
straight line.

•	 The	correlation	coeffi		cient	is	0.337	which	is	not	very	high.

•	 The	value	of	the	coeffi		cient	of	determination	r2 is only 0.113 so only 
roughly 11% of the variation in the values of x is explained by the 
variation in the values of y.

 All of these indicators suggest that the estimate is not likely to be very 
reliable.

note
Roughly	11%	of	the	
variation	in	the	values	
of	x	are	explained	by	
the	variation	in	the	
values	of	y.	So,	89%	
of	the	variation	in	x	
is	explained	by	other	
factors.
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Exercise 5.2
①	 Use a spreadsheet to find the equation of the line of regression for these 

bivariate data.

Table	5.16

x  6.3  8.7  4.2  3.7  6.5

y 24.7 39.2 19.6 20.3 26.2

②	 Calculate the equation of the line of regression for these bivariate data.

Table	5.17

x  69.0  66.5  71.5  63.6  98.8  52.4  64.0  79.9

y 297.9 310.5 300.5 296.7 416.3 261.1 285.9 321.8

③	 The bivariate sample illustrated in the scatter diagram shows the heights, 
x cm, and masses, y kg, of a random sample of 20 students.
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Figure	5.7

Σx = 3358, Σx2 = 567 190, Σy = 1225, Σy2 = 76 357, Σxy = 206 680.

(i) Calculate the equation of a regression line which is suitable to estimate 
the weight of a student whose height is known.

(ii)	 Estimate the weight of a student whose height is 180 cm.

(iii)	 Comment, with reasons, on the likely accuracy of your estimate in part (ii).

(iv)	 Explain why it might not be sensible to use the equation which you 
calculated in part (i) to predict the weight of a student whose height is 
210 cm.

④	 A student thinks that the amount of daily sunshine and rainfall in the UK 
are negatively correlated. He uses the following data.

 n = 25, Σx = 140.6, Σy = 77.7, Σx2 = 853.76, Σy2 = 492.53, Σxy = 381.15

	 where x hours is the amount of daily sunshine and y mm is the daily rainfall.

(i)	 Use a suitable regression line to estimate the number of hours of 
sunshine on a day when there is 4 mm of rain.

(ii)	 Calculate the value of the product moment correlation coefficient. 

(iii)	 Comment with reasons on the likely accuracy of your estimate in part (i).
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⑤	 A medical statistician wishes to carry out a hypothesis test to see if there is 
any correlation between the head circumference and body length of newly 
born babies.

(i)	 State appropriate null and alternative hypotheses for the test.

A random sample of 20 newly born babies have their head circumference, 
x cm, and body length, y cm, measured. This bivariate sample is illustrated in 
the scatter diagram.
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Figure	5.8

	 Summary statistics for this data set are as follows.

	 n = 20, Σx = 691, Σy = 1018, Σx2 = 23 917, Σy2 = 51 904, Σxy = 35 212.5

(ii)	 Calculate the product moment correlation coefficient for the data. 
Carry out the hypothesis test at the 1% significance level, stating the 
conclusion clearly. What assumption is necessary for the test to be valid?

(iii)	 Use a suitable regression line to estimate the body lengths of babies 
whose head circumferences are 36.0 cm and 29 cm.

(iv)	 Comment, with reasons, on the likely accuracy of these estimates.

⑥	 A fruit grower is investigating a crop of plums. She measures the lengths 
and circumferences in mm of ten randomly selected plums. She uses a 
spreadsheet to analyse the results. The spreadsheet below shows her analysis.

Figure	5.9
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(i) The equation given is for the regression line of y on x. Estimate the 
circumference of a plum of length 40 mm.

(ii)	 Comment, giving two different reasons, on the likely accuracy of this 
estimate.

(iii)	 Give a reason why it would not be sensible to use this equation to 
estimate the circumference of a plum of length 70 mm.

(iv)	 Give a reason why it would not be sensible to use this equation to 
estimate the length of a plum of circumference 130 mm.

⑦	 An investment analyst thinks that there may be correlation between the 
cost of oil, $ x dollars per barrel, and the price of a particular share, y p. 
The analyst selects 50 days at random and records the values of x and y. 
Summary statistics for these data are shown below, together with the output 
from a spreadsheet for these 50 days.

	 Σx = 2331.3, Σy = 6724.3, Σx2 = 111984, Σy2 = 921361, Σxy = 316345,  
n = 50

Figure	5.10

(i) Calculate the sample product moment correlation coefficient.

(ii)	 Carry out a hypothesis test at the 5% significance level to investigate 
the analyst’s belief. State your hypotheses clearly, defining any symbols 
which you use.

(iii)	 An assumption that there is a bivariate Normal distribution is required 
for this test to be valid. State whether it is the sample or the population 
which is required to have such a distribution. State, with a reason, 
whether, in this case, the assumption appears to be justified.

(iv)	 Explain why a two-tailed test is appropriate even though it is clear 
from the scatter diagram that the sample has a positive correlation 
coefficient.

(v)	 The regression equation of share price on oil price is given on the 
spreadsheet. Estimate the share price when the oil price is $ 65.

(vi)	 Comment, giving two different reasons, on the likely accuracy of this 
estimate.
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⑧	 The best times for a 400 m race in ten ‘Olympic’ years are as follows.

Table	5.18

Years after 
1900, x

60 64 68 72 76 80 84 88 92 96

Time, y  55.5 54.2 54.3 52.9 52.3 52.6 50.7 51.0 49.6 48.9

(i) Plot the data on a scatter diagram.

(ii)	 Calculate the equation of the regression line of y on x.

(iii)	 Identify an important point through which a regression line must pass, 
marking this point on your diagram. Draw the regression line on the 
scatter diagram and indicate the residuals.

(iv)	 Use your regression equation to predict the best times for the race in 
the years 2000 and 2020. Comment on the likely accuracy of these 
predictions.

⑨	 An experiment was conducted to determine the mass, y g, of a chemical 
that would dissolve in 100 ml of water at x °C. The results of the experiment 
were as follows.

Table	5.19

Temperature, x (°C) 10 20 30 40 50

Mass, y (g) 61 64 70 73 75

(i) Represent the data on graph paper.

(ii)	 Calculate the equation of the regression line of y on x. Draw this line 
on your graph.

(iii)	 Calculate an estimate of the mass of the chemical that would dissolve in 
the water at 35 °C.

(iv)	 Suggest a range of temperatures for which such estimates are reliable. 
Give a reason for your answer.

(v)	 Calculate the residuals for each of the temperatures. Illustrate them on 
your graph.

(vi)	 The regression line is often referred to as ‘the least squares regression 
line’. Explain what this means in relation to the residuals.

⑩	 A science student took the temperature of a cup of coffee for ten one-
minute intervals with the following results.

Table	5.20

Time, x (minutes)  0  1  2  3  4  5  6  7  8  9 10

Temperature, y (°C) 96 84 73 64 55 49 44 40 36 33 31

	 n = 11, Σx = 55, Σy = 605, Σx2 = 385, Σxy = 2326

(i)	 The science student calculates the equation of the least squares 
regression line of y on x and uses it to predict the temperatures 
after 4.3 mins and after 15 mins. Obtain the regression line and the 
predictions. Show that both of these predictions are unsatisfactory.

(ii)	 Plot a scatter diagram on graph paper to illustrate the data. Draw the 
regression line and the residuals on your diagram. By considering 
the pattern of the residuals, discuss whether there is a better way of 
modelling the relationship between temperature and time.
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⑪	 A car manufacturer is introducing a new model. The car is tested for fuel 
economy three times at each of four different speeds. The values of the fuel 
economy, y miles per gallon (mpg), at each of the speeds, x miles per hour 
(mph), are displayed in the following table.

Table	5.21

x 40 40 40 50 50 50 60 60 60 70 70 70

y 52.7 53.8 54.5 48.1 49.7 51.3 43.3 41.1 48.0 37.5 42.0 44.7

 n = 12, Σx = 660, Σy = 566.7, Σx2 = 37 800, Σxy = 30 533

(i)	 Explain which of the variables is controlled and how you can tell  
that it is.

(ii)	 Represent the data by a scatter diagram, drawn on graph paper.

(iii)	 Calculate the equation of the regression line of y on x and plot it on 
your scatter diagram.

(iv)	 Hence predict the fuel economy of the car at speeds of

(a) 45 mph

(a)	 65 mph.

(v)	 Use your scatter diagram to compare the reliability of your predictions 
in part (iv).

 What do your comments suggest about the validity of a least squares 
regression line for this data set?

⑫	 The approximate population of the world in billions from the year 1900 to 
2000 is displayed in the following table.

Table	5.22

Year, x 1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000

Popula-
tion, y

1.67 1.75 1.86 2.07 2.30 2.56 3.04 3.71 4.45 5.28 6.08

(i)	 Draw a scatter diagram to illustrate the data.

(ii)	 Explain why it would not be sensible to find the equation of the 
regression line of Population on Year.

(iii)	 Let z = x – 1900. Display the values of z and of z2, together with y in a 
new table.

(iv)	 Draw a scatter diagram with z2 on the horizontal axis and y on the 
vertical axis.

(v)	 Calculate the equation of the regression line of y on z2 and plot it on 
your scatter diagram.

(vi)	 Hence estimate the population of the world in

(a)	 the year 1995

(b)	 the year 2100

(vii)	 Comment on the reliability of each of your estimates.
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Key	PoinTS
random	on	non-random	regression	lines
1	 The	equation	of	the	y on	x regression	line	y =	a +	bx is	given	by

− = −y y b x x( ),	where	 ( – )( – )
( – )

–
–2 2 2

= = Σ
Σ

= Σ
Σ

b
S

S
x x y y
x x

xy nx y
x x

xy

xx

⇒ = −a y bx

2	 For	any	data	pair	(x, y)	the	predicted	value	of	y	is

ε= + ⇒ = −y a bx y yˆ the residual is ˆ

3	 The	sum	of	the	residuals	Σε	=	0.
4	 The	least	squares	regression	line	minimises	the	sum	of	the	squares	of	the	

residuals,	Σε 2.
5	 When	using	a	regression	line	for	prediction,	a	value	within	the	data	values	

(interpolation)	is	more	likely	to	be	predicted	reliably	than	a	value	beyond	the	
data	values	(extrapolation).

random	on	random	regression	lines
6	 If	a	value	of	y	is	to	be	predicted	from	a	value	of	x,	then	the	y on	x regression	

line	y =	a +	bx needs	to	be	used.	The	equation	of	this	regression	line	is	exactly	
the	same	as	for	the	random	on	non-random	regression	line.

7	 If	a	value	of	x	is	to	be	predicted	from	a	value	of	y,	then	the	x on	y regression	
line	x =	a +	by needs	to	be	used.	The	equation	for	this	line	is	given	by

− = −x x b y y( ),	where

( – )( – )
( – )

–
–2 2 2

= = Σ
Σ

= Σ
Σ

b
S

S
x x y y
y y

xy nx y
y y

xy

yy

⇒ = −a x by

8	 Both	of	these	lines	pass	through	the	point	 x y( , ).
9	 The	goodness	of	fit	of	the	regression	line	can	be	judged	by	the	coefficient	of	

determination.	This	is	the	square	of	the	value	of	Pearson’s	product	moment	
correlation	coefficient.

learning	ouTComeS
When	you	have	completed	this	chapter	you	should	be	able	to:

●➤ obtain	the	equation	of	the	least	squares	regression	line	for	a	random	variable	
on	a	non-random	variable,	using	raw	data	or	summary	statistics

●➤ use	the	regression	line	as	a	model	to	estimate	a	value	of	the	random	variable	
and	know	when	it	is	appropriate	to	do	so

●➤ know	the	meaning	of	the	term	residual	and	be	able	to	calculate	and	interpret	
residuals

●➤ obtain	the	equations	of	the	two	least	squares	regression	lines,	y	on	x	and	x	on	
y,	where	both	variables	are	random,	using	raw	data	or	summary	statistics

●➤ use	either	regression	line	to	estimate	the	expected	value	of	one	variable	for	a	
given	value	of	the	other	and	know	when	it	is	appropriate	to	do	so

●➤ check	how	well	the	model	fits	the	data
●➤ know	the	relationship	between	the	two	regression	lines	and	when	to	use	one	

rather	than	the	other.
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