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The impulses spread through the atria, causing the muscle to 
contract and forcing the blood into the ventricles. The impulses 
then spread down through the ventricles, causing the muscle to 
contract and forcing the blood out to the body and lungs. 

When muscle cells are not active they have a resting potential. 
This is a negative potential difference across the cell membrane. 
When the muscle is activated, so that it contracts, the pd is 
reduced to zero, reversed, so that it becomes positive, and 
then returned to the resting potential. This sequence is called 
an action potential and the changes in pd can be detected 
by electrodes attached to the body. An electrocardiogram, or 
ECG, is a graph of how the pd at the surface varies with time 
(Figure 1). Each beat is made up of:

 ■ the P-wave, detected when the electrical impulses cause the 
atria to contract

 ■ the QRS pulse, detected when the electrical impulses cause 
the ventricles to contract

 ■ the T wave, detected when the ventricles relax
(The QRS pulse hides the small pulse that occurs when the atria 
relax.)

When you need your heart to beat faster, the electrical 
impulses increase in frequency. This happens in response to 
messages from the nerves, which may be triggered by adrenaline, 
or by an increase in carbon dioxide due to exercise. Some people 
have a normal heartbeat that is slower than usual, or one that is 
faster than usual, while others have extra beats that are not in 
sync with their regular beat. These variations are all normal and 
do not require treatment. 

In 1958, 43-year-old Arne Larsson was given the first 
implantable pacemaker by Dr Rune Elmqvist at Karolinska 
hospital in Sweden. The device stopped working after a 

couple of hours and was replaced by a second one. Arne used 26 
pacemakers over his life and lived until he was 86. He outlived 
Dr Elmqvist.

Today over a million people receive pacemakers each year, 
and more than 200 000 receive implantable cardioverter 
defibrillators (ICDs). These devices help the heart to keep 
beating regularly, but to understand how they work we need to 
understand in more detail how the normal heart beats and what 
can go wrong.

The human heart
The heart is a muscular pump, with two upper chambers called 
atria and two lower chambers called ventricles. The atria collect 
returning blood and push it through valves to the ventricles, 
which pump it out of the heart 

The body’s natural pacemaker is the sinoatrial node (the 
SA node). This is a collection of specialised cells near the 
right atrium which automatically produce electrical impulses. 

Regulating  
the heart

The terms in bold link to topics in the AQA, Edexcel, OCR, WJEC 
and CCEA A-level specifications, as well as the IB, Pre-U and SQA 
exam specifications.

Potential differences across cells activate muscle cells, causing 
them to contract. Pacemakers and ICDs have circuits containing 
batteries and capacitors to regulate the heartbeat. These days 
many have microprocessors and some can be checked and adjusted 
remotely using wireless technology. 

Exam links 

The human heartbeat is controlled by regular 
electrical signals. When the heart fails to 
maintain a regular beat, an artificial pacemaker 
or implantable cardioverter defibrillator (ICD) 
can help to restore the correct rhythm

Carol Tear
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Our expectations of the heart’s performance and lifetime are 
incredibly high, especially when we compare them with all sorts 
of other machines and devices that we buy and replace when 
they wear out. The heart beats about 60–80 times per minute, so 
for a life expectancy of 80 years the number of beats is given by:

80 years × 365 days × 24 hours × 60 minutes × 70 beats  
= 2.94 × 109 beats

In other words, about 3 billion beats. 

What can go wrong?
Abnormal heart rhythms, called arrhythmias, have various 
possible causes: 

 ■ Another part of the heart overrides the SA node with faster 
impulses, leading to a fast heartbeat that can last for a few 
minutes or several hours.

 ■ Atrial fibrillation, where random electrical impulses fire from 
different parts of the atria, so beats are very rapid, irregular and 
of varying strength.

 ■ Ventricular fibrillation, where the same thing happens in the 
ventricles. This is fatal unless corrected within a few minutes.

 ■ ‘Heart block’, where the SA node is working correctly, but not 
all the pulses get through. 

 ■ A damaged SA node, which causes the heartbeat to slow or 
miss a few beats, or alternate between beating fast and slowly. 
These are the types of defect that can be helped by artificial 
pacemakers and ICDs.

Artificial pacemakers
There are many different types of artificial pacemaker, each 
designed for a different need, but they can be divided into two 
categories:

 ■ A demand pacemaker monitors the heart and sends a series 
of low-voltage electrical pulses when it is beating too slowly or 
misses a beat.

 ■ Most pacemakers are rate-responsive pacemakers. These 
monitor the SA node rate, and also breathing, blood 
temperature and other factors, so that the pacemaker can 
speed up or slow down the heart rate depending on the 
activity level.

A pacemaker has a pulse generator and a battery sealed in 
a small container. Most modern pulse generators can receive 
signals from the heart. Insulated wires conduct signals to the 
heart and receive them. An electrode is placed in the atrium or 
ventricle (or one electrode in each atrium and ventricle if it is 
a biventricular pacemaker). The batteries are usually lithium-
iodine batteries and have a voltage of about 2.8 V. This will 
decrease over time. The batteries last for about 6–10 years 
depending on how much they are used. The pacemaker is 
designed to last 10–15 years. The pacemaker is just under the 
skin, so the batteries or pacemaker can be replaced under local 

Figure 1 An ECG of a normal heart. Each small square on the time 
axis is 0.04 s
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anaesthetic. Sometimes the connecting leads to the electrode 
may also need replacing.

The pulse must be large enough and last long enough to 
cause the heart muscle to contract. It needs to deliver a charge of 
between 0.1 µC and 50 µC in a time of between 0.1 ms and 2 ms. 
The battery can have a low voltage because a capacitor is used to 
store energy from the battery. This means that the capacitor can 
charge slowly and then deliver the charge in a short time when 
required. It is important to design the pacemaker to give the 
maximum stimulation with minimum use of energy in order to 
prolong the battery life.

Figure 2 shows the basic pacemaker circuit. With the switch 
in position 1 the capacitor is charged by the battery and, when 
an electrical trigger signal is received, the switch moves to 
position 2 and the capacitor is discharged through the heart. 
The resistance of the heart, electrodes and leads is about 50 Ω.

To give a series of regular electrical trigger signals a 
piezoelectric crystal oscillator is used. When an electric field is 
applied to piezoelectric materials they contract or expand, so 
a changing electric field makes the crystal vibrate. The crystal 
has a natural frequency and so resonance of the crystal can 
be used to keep the frequency of the electrical trigger signals 
constant. This is the same principle as is used in many clocks 
and watches.

Additional components change the shape of the pulse to match 
the signal required by the heart. Rate-responsive pacemakers, 
and some demand pacemakers, have a microprocessor and 
sensors to decide the rate of the pulses. 

ICDs
Ventricular fibrillation is fatal in a short time, but if a defibrillator 
is available it can be used to give a shock that stops the heart, 
interrupting the chaotic muscle contractions and allowing the 
heart to return to its natural rhythm. In the 1970s, as a result 
of the sudden death of a colleague, Dr Michel Mirowski and 
Dr Morton Mower developed the ICD, an implantable device 
that can monitor the heart and deliver a defibrillating shock 
when ventricular fibrillation is detected. The first device was 
implanted in a patient in 1980. 

Figure 2 The basic pacemaker circuit
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Today most new ICDs are pacemakers as well as 
defibrillators.

The energy required for a defibrillating shock will vary with 
the patient. The defibrillating threshold can be between 10 J 
and 20 J, but is more likely to be between 20 J and 30 J. The 
maximum output is designed to be about 40 J.

The batteries must be able to deliver a current of up to 3 A and 
power of up to 10 W for several seconds to charge the high-voltage 
capacitors. The batteries used are lithium-silver vanadium oxide 
batteries, which perform consistently throughout the battery 
life. The voltage required is about 800 V, so the battery voltage 

must be stepped-up. To change the battery voltage to a high 
voltage a transformer is required, but transformers can only 
be used to step-up or step-down an alternating voltage. On the 
other hand, capacitors can only be charged with DC. To solve 
this problem the ICD has a DC to AC converter between the 
battery and the transformer and an AC to DC converter between 
the transformer and the capacitor.

The defibrillating shock is given for about 10 ms. In this 
time the capacitor discharges a pulse, but does not completely 
discharge. Capacitor discharge through a resistor is an 
exponential decay, so if it was to discharge completely in this 
time the current would not be high enough for long enough to 
stop the heart. The capacitor has a capacitance of about 100 µF, so 
in 10 ms the charge drops to 13.5% of the initial charge (Box 1). 

Monitoring
Patients who have pacemakers or ICDs need regular 
monitoring to ensure that the device is working correctly and 
to check whether changes in the heart require changes to the 
programming of the device. Originally, remote checking of the 
battery was carried out over the phone, with more frequent 
checks as batteries approached their replacement time. Now 
home transmitters are available that can interrogate the device 
and send information to doctors. This remote monitoring can be 
carried out at set intervals, or the device can be monitored daily, 
with alerts being sent if something needs addressing.

The future 
These devices have made a huge difference to the lives of 
millions of people, and continue to do so. This is also an area 
where improvements are constantly being made, partly as a 
result of advances in technology. 

Box 1 Capacitor charge

What is the percentage of initial charge remaining on the capacitor 
after 1 ms?

t = 10 ms = 0.01 s

Capacitance of capacitor:

C  = 100 µF  
= 100 × 10–6 F 
= 10–4 F

Resistance of heart, electrodes and lead:

R = 50 Ω

Charge Q on capacitor after time t:

Q = Q0e
–t/RC

Percentage left:
Q
Q0

 × 100 = e–t/RC × 100% 

 = exp(–t/RC) × 100%

When t = 10 ms:
Q
Q0

 = exp( –0.01 s
50 Ω × 10–4 F ) 

 = 0.135
 = 13.5%

Carol Tear is an A-level physics examiner and a member of the 
PHYSICS REVIEW editorial board.

Scans showing (a) an automated ICD and (b) a permanent pacemaker in postion

(a) (b)
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based solely upon observations of planetary motion about the 
Sun. Of particular interest here is Kepler’s third law, which can 
be stated as ‘the square of the orbital period, T, of an orbiting 
body is proportional to the cube of the semi-major axis or 
orbital radius, r’:

T2

r3
 = constant (1)

Newton’s interpretation of Kepler’s third law
In 1689 Newton published a version of Kepler’s third law that 
related the orbital periods and distances of the planets with 
the mass of the Sun. He realised that the gravitational forces 
between the planets and the Sun caused them to move in the 
way they do. This interpretation shows that Kepler’s constant 
involves the masses of both the Sun (MSun) and the planet 
(mplanet), and the gravitational constant, G, via the modified 
equation:

T2

r3
 = 

4π2

G(MSun + mplanet)
 (2)

(See Boxes 1 and 2.) The planet orbits about the centre of mass, 
which is assumed to be at the Sun’s centre, and with r being the 

In 1543 Nicholas Copernicus suggested that the planets 
revolved in circular orbits about the Sun. This hypothesis 
is called the heliocentric (‘Sun centre’) model of planetary 

motion. Further observations by Tycho Brahe and his student 
Johannes Kepler provided the basis for three empirical 
mathematical laws describing the movement of one object 
around another, now known as Kepler’s laws. These laws were 

Determining 
Jupiter’s 
mass

The terms in bold link to topics in the AQA, Edexcel, OCR, WJEC 
and CCEA A-level specifications, as well as the IB, Pre-U and SQA 
exam specifications.

Kepler’s third law, derived for a two-body system about its 
centre of mass, is applied to Jupiter’s Galilean moons. Values of the 
orbital period and orbital radii are used to determine the mass of 
Jupiter.

Exam links 

Observational data on Jupiter’s Galilean moons 
are used to determine the gas giant’s mass

Ron Holt
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orbital radius (for circular orbits) or the semi-major axis (for 
elliptical orbits). As all planets have a significantly smaller mass 
than the Sun, Equation 2 approximates well to:

T2

r3
 ≈ 

4π2

GMSun

 (3)

This allows a method to determine the solar mass from the 
characteristics of planetary motion.

Newton’s approach showed that Kepler’s law could be applied 
to other binary systems, such as a moon orbiting a planet. 
Equation 3 becomes:

T2

r3
 = 

4π2

G(Mplanet + mmoon)
 ≈ 

4π2

GMplanet

 (4)

So the orbital characteristics of the moon or moons orbiting 
a planet can be used to obtain a measure of the planet’s mass.

In situations where one of the masses is not insignificant, 
for example in a binary star system, Newton’s approach still 
holds but the centre of mass is no longer at the centre of the 
more massive body — it is some significant distance away. 

Both bodies now orbit about their common centre of mass, and 
Kepler’s third law becomes:

T2

(r1 + r2)
3
 = 

4π2

G(mstar 1 + mstar 2)
 (5)

where r1 and r2 are the distances from star 1 and star 2 respectively, 
with the condition:

r = r1 + r2

Jupiter’s Galilean moon system

Jupiter is the largest gas giant in the solar system, and it has 
a most impressive collection of 79 known moons. After the 
invention of the telescope in 1609 Galileo carried out a series 
of meticulous observations of the planet Jupiter, discovering 
the four major moons (Io, Europa, Ganymede and Callisto) 
in early January of the following year. These are known as the 
Galilean moons. They are the most massive of Jupiter’s moons, 
and are closest to the planet. This mini version of the solar 
system provided an ideal opportunity to study the motions of 

Box 1 Centre of mass

Binary systems comprise any two objects that revolve around their 
common centre of mass, i.e. a point in space where the total mass of 
the system appears to be concentrated (called the barycentre). This is 
always closer to the more massive object.

Consider objects with masses m1 and m2 that move in circular orbits 
with radii r1 and r2 about a centre of mass C (Figure 1.1).

r

r1 r2

C

Figure 1.1 Two bodies in circular orbit around their common 
centre of mass, C

The centre of mass is defined by the equation:

m1r1 = m2r2 (1.1)

Equation 1.1 can be rearranged to give:

r2 = (m1

m2
)r1 (1.2)

This allows us to write:

r1 + r2 = r1 + (m1

m2
)r1 = r1(1 + 

m1

m2
) = r1(m1 + m2

m2
) (1.3)

Hence r1 can be expressed in terms of (r1 + r2) and (m1 + m2):

r1 = 
m2(r1 + r2)
m1 + m2

 (1.4)

Box 2 Kepler’s third law for a binary system

The gravitational force F that acts between two binary objects of mass 
m1 and m2 is described by Newton’s law of gravitation. This provides 
the centripetal force acting on each body and keeping it in orbit:

F = 
Gm1m2

(r1 + r2)2

= m1r1ω
2 = m2r2ω

2 (2.1)

where ω  is the common angular velocity of the two astronomical 
bodies.

Substituting for r1 using Equation 1.4 gives:

m1r1ω
2 = 

m1m2(r1 + r2)ω2

m1 + m2

= 
Gm1m2

(r1 + r2)2 (2.2)

Hence:

(r1 + r2)3ω2

m1 + m2
 = G (2.3)

Since:

ω  = 
2π
T

where T is the orbital period, then:

4π2(r1 + r2)3

(m1 + m2)T 2 = G (2.4)

This can be rearranged to give:

T 2

(r1 + r2)3 = 
4π2

G(m1 + m2)
 = constant (2.5)

This is Kepler’s third law, generalised for two bodies orbiting around a 
common centre of mass.

If m1 >> m2 (e.g. planets orbiting the Sun or moons orbiting planets) 
then the centre of mass is centred on the more massive body, r2 ≈ 0 
and hence r1 ≈ r. Equation 2.5 simplifies to:

T 2

r3  = 
4π2

Gm1
 (2.6)

where r is the orbital radius or the semi-major axis.
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another orbiting system that would provide further support for 
Copernicus’s heliocentric model.

As all four moons move roughly in a similar orbital plane, 
as seen edge-on when viewed from the Earth (their angles of 
inclination to Jupiter’s orbit vary between 0.05° for Io to 0.47° 
for Europa) they can be seen in a single image (Figure 1). The 
second important property of the moons is that they all orbit 
Jupiter in roughly circular orbits. The degree of non-circularity, 
as described by the orbit’s eccentricity, e, varies between 0.0011 
for Ganymede to 0.0094 for Europa (e = 0 describes a circular 
orbit). Finally, the masses of all four moons (although similar 
to our own moon) are significantly less than that of Jupiter, so 
any shift in the centre of mass is negligible. We can therefore 
assume that the Galilean moons orbit Jupiter in circular orbits 
about Jupiter’s centre. 

Observing the Galilean moons
Because the orbits are effectively observed edge-on as viewed 
from Earth, any measurements made will only provide us with 
the perpendicular distance of the moon to the line of sight 
between us and Jupiter, as shown in Figure 2(a). This distance 
is referred to here as the apparent distance, r

apparent. The edge-on 
view will therefore show the moon oscillating between the 
extreme right and extreme left as it orbits Jupiter. As shown 
in Figure 2(b) this apparent distance is given by r sinθ and is 
therefore a sinusoidal function of time. It is then possible, by 
either drawing a smooth sine curve through the points or by 
performing a least-squares fit to the points, to determine both 
the amplitude of the motion (i.e. radius of the orbit) and the 
period of the orbit, directly from the curve.

Figure 3 shows values of r
apparent recorded for Europa, expressed 

in terms of Jupiter diameters, dJupiter, as a function of time 
covering two complete orbital periods. The continuous line 
shows the fitted sine function. Similar graphs were produced for 
the other Galilean moons. 

Collecting Galilean moon data
There are a number of methods by which the apparent motion 
of the Galilean moons can be obtained. Telescopes can be used 

Figure 2 The apparent distance between the moon and planet is 
rapparent = r sinθ, and varies sinusoidally with time

rapparent

rapparent

r

to Earth

(a)

(b)

Figure 1 The four Galilean moons of Jupiter: Io, Europa, Ganymede and Callisto
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to monitor the moons’ motion over several days, but this does 
require a prolonged sequence of clear nights. 

An alternative approach is to use data that have been 
modelled to simulate the motion of the moons, using software 
packages such as Stellarium or Project CLEA (Contemporary 
Laboratory Experiences in Astronomy). 

The interactive app JupiterMoons, provided by the journal Sky 
and Telescope, shows the positions of all four Galilean moons 
for any date and time between January 1900 and December 
2100. The time can be stated or adjusted in intervals of ±10 
mins, ±1 hour or ±1 day. In addition, three views are available, 
depending on your telescope’s optical system, for example 
Newtonian reflector, Cassegrain reflector or a refracting system. 
(Information is also provided on Jupiter’s interaction with the 
moons, such as eclipses, shadows or if the moons are hidden.) 
The simulated data can be compared with the actual image 
shown in Figure 1, providing supporting evidence as to the 
accuracy of the data.

Orbital data, i.e. values of r
apparent, were recorded for each 

moon over two complete cycles and the results were (least-
squared) fitted to a sine function of the form a sin(bx + c) using 
an imported software programme. In this equation, a represents 
the amplitude of the orbit, i.e. the orbital radius in Jupiter 
diameters, b represents the period of the orbit (in hours or days) 
and c reflects the phase shift (this parameter is not used in the 
determination of the mass). 

Calculating Jupiter’s mass

Kepler’s third law can now be applied to give the mass of Jupiter 
according to the equation:

T2
moon

r3
moon

 = 
4π2

G(MJupiter + mmoon)
 ≈ 

4π2

GMJupiter

 (6)

The right-hand side of the equation is valid because even 
Jupiter’s most massive moon, Ganymede, contributes only 
0.008% to the total mass. If we apply Kepler’s law for the moon 
Io we obtain:

T2
Io

r3
Io

 = 
4π2

G(MJupiter + mIo)
 ≈ 

4π2

GMJupiter

 (7)

Hence, in SI units:

MJupiter = 
4π2r3

Io

GT2
Io

Figure 3 Orbital data points for the moon Europa, with a fitted 
sine function (red curve) that gives the amplitude r and orbital 
period T for the moon’s motion
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(c)

(d)

= 
4π2 × (418 415 776 m)3

6.67 × 10−11 N m2 kg−2 × (152740.5 s)2

= 1.858 × 1027 kg (8)

It is usual in astrophysics to give values in terms of a more 
sensible comparison. Here the chosen units are the mass of the 
Earth ME, where:

ME = 5.972 × 1024 kg 

The results for Io give:

MJupiter = 311.1 ME (9)

PhysRev_V29_4_CC_Print.indd   9 20/02/2020   17:04



10 Physics Review April 202010

Computation of the remaining three moons gives a more 
complete set of results, as shown in Table 1. Orbital radii are 
expressed in terms of Jupiter’s diameter dJupiter, where:

dJupiter = 1.398 × 108 m

The final result
The only uncertainties in the calculations involve the accurate 
measurement of rapparent from the images generated and in the 
determination of Jupiter’s diameter. Taking these together leads 
to uncertainties in both r and T of approximately 3% and 2%, 

making a combined uncertainty of 5% in Jupiter’s mass or 
±16 ME. This leads to a mean value of Jupiter’s mass of:

MJupiter = 315.2 ± 16 ME

This compares to the accepted value for the mass of Jupiter 
of 317.8 ME. The results also reveal that for the three innermost 
moons the ratio of the periods of rotation are 1.77:3.50:7.14, 
which simplifies to an integer ratio of 1:2:4. This is indicative 
of orbital resonances that show that the three inner moons 
exert a regular gravitational influence on each other. Such 
resonances are generally related by simple integer ratios 
involving small values that in the long term may be stable or 
unstable, so they are quite likely to change with time. But that 
is another story…

Ron Holt is a physicist, teacher and author.

Artist's impression of Io 
passing in front of Jupiter

For more on the Sky and Telescope interactive observing tool: 
www.tinyurl.com/sky-telescope

References and further reading References and further reading

Table 1 Results of the least-squares fit to the model data for the four Galilean moons of Jupiter

Galilean 
moon

Actual distance 
from Jupiter’s 
centre, r/dJupiter

Distance from Jupiter’s 
centre using fitted data, 

rmoon/dJupiter 
Actual period of 
rotation, T/days

Period of rotation 
using fitted data, 

Tmoon/days
Mass of Jupiter, 

MJupiter/ME

Io 3.02 2.99 1.77 1.77 311.1

Europa 4.80 4.76 3.55 3.50 318.0

Ganymede 7.66 7.61 7.16 7.14 313.4

Callisto 13.47 13.41 16.69 16.58 318.2
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 crossword

Across

 1 A wave that spreads out after passing 
an edge, or through a gap, is said to 
________. (8)

 6 Smallest particle of an element that can 
take part in a chemical reaction. (4)

 8 Chemical symbol for the transfermium 
element with atomic number 108, whose 
isotope (264) decays by 6 Down and has 
a half-life of 0.080 ms. (2)

 9 Dwarf planet orbiting the Sun with a 
period of 247.7 years. (5)

 10 Very small blob of liquid. (7)
 12 ‘Hidden’, for example as used to describe 

energy that is transferred as a gas changes 
state to a liquid. (6)

 14 Seventh planet out from the Sun. (6)
 16 Viscous organic liquid. (3)
 17 Radioactive metallic element with atomic 

number 88 discovered by the Curies. (6)
 19 Metallic rare-earth element with atomic 

number 68, whose salts appear pink 
because they only absorb wavelengths 
very close to 530 nm. (6)

 22 Charged 6 Across. (3)
 23 ______ radiation. Highly penetrating rays 

from space. (6) 
 25 A surface that bulges outwards. (6) 
 27 _______ philosophy. Former name for 

physics. (7)
 28 Find the value of an unknown quantity in an equation. (5)
 29 Chemical symbol for one of the noble gases. (2)
 30 A set of computer program instructions. (4)
 31 ________ time. Time measurement that uses the rotation of 

the Earth relative to distant stars. (8)

Down
 1 The effect seen as a change of frequency (or wavelength) due 

to relative motion between source and observer. (7) 
 2 A fracture in rocks along which some displacement has 

taken place. (5) 
 3 Seventeenth letter of the Greek alphabet, often used to 

represent density and resistivity. (3)
 4 Chemical symbol for the highly poisonous element (as 

an oxide — a favourite of Victorian poisoners) that is 
also extensively used as a donor impurity in germanium 
semiconductor devices. (2)

 5 Fluid flow in which the particle motion at any point varies 
rapidly in magnitude and direction. (10)

 6 Radioactive emissions. 17 Across is a particularly intense 
source. (5)

Clues
1 2 43 645 7

8

9 103

311

12 13 14 15

16 5

1817 3 2019 21

1 22

23 24 3 25 26

27 284

3 29

30 31

 7 A tiny moon of Jupiter (diameter ≈ 40 km). (Anag. TIMES) 
(5)

 11 A unit exactly 1/12 the mass of neutral 12C. (6, 4)
 13 Prefix from Greek meaning ‘over’, ‘on’ or ‘in addition’. (3)
 15 Chemical symbol for the former name of the element with 

atomic number 111. (1, 1, 1)
 18 Prefix from Greek meaning ‘away’. (3)
 20 Currant ___. An early model of 6 Across. 6-Down scattering 

experiments led to a very different model. (3)
 21 James Clerk _______. Scottish mathematician and physicist 

(1831–79) whose many contributions to physics included 
work on the distribution of speeds of gas particles and a set 
of elecromagnetic equations. (7)

 23 An ellipse (or circle), hyperbola or parabola. (5) 
 24 A desktop device with which to interact with a computer. (5)
 26 Any device for controlling the flow of something (still used 

in engineering, but mostly obsolete in electronics). (5) 
 28 Perceive with the eye. (3)
 29 Chemical symbol for the rare earth element (atomic number 

60) used in solid-state lasers and for the production of 
extremely strong permanent magnets. (2)
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launch which, incidentally, presented an opportunity to test an 
important feature of Einstein’s theory of general relativity.

Recovery of orbital stability
The satellites were meant to be in the same circular orbit 
23 000 km above the Earth’s surface but displaced 180° from 
each other. Instead, they were in a highly elliptical orbit with 
a closest approach to Earth (perigee) of 13 700 km, rising to a 
furthest distance (apogee) of 25 900 km. In addition, the orbit 
was incorrectly inclined to the Earth’s equator. There was a 
substantial list of things to do to determine the actual orbit, 
reorient antennae to set up robust radio links, bring the satellites 
under control and make them safe. All this was achieved in 
about a month, then further action to change the orbit and 
recover the situation could begin.

The satellites had enough fuel on board for small course 
corrections during their planned 12-year life span, but that was 
insufficient to move them into their correct orbit. A recovery plan 
was devised by a collaboration of space-flight specialists from 
Germany, France, Italy and Britain. One of the concerns was the 
lowest orbital height of 13 700 km, exposing the satellites to the 
harmful radiation of the Van Allen radiation belts (see below). 
Such intense radiation would degrade the satellites’ electronics, 
leading to premature failure.

The recovery scheme therefore involved a series of manoeuvres, 
which raised the lowest point of the orbit by more than 3500 km. 

W hen things go wrong at the launch of a satellite, 
they usually go very wrong, leading to the loss of 
the satellite or rendering it useless for the job it was 

designed to do. However, the faulty launch of a pair of satellites 
in 2014 from the European Space Agency (ESA) launch site in 
French Guiana turned out to be the start of an ambitious and 
unplanned experiment. 

The satellites were destined for the Global Navigational 
Satellite System, known as the Galileo Project, which is the 
European equivalent of the American GPS. A frozen fuel line 
in the fourth stage of the Soyuz rocket meant the satellites were 
launched in the wrong direction, into highly elliptical orbits 
that were totally unsuitable for their intended purpose. What 
happened next was a most remarkable recovery of a failed 

Measuring 
gravity’s 
effect  
on time

The terms in bold link to topics in the AQA, Edexcel, OCR, WJEC 
and CCEA A-level specifications, as well as the IB, Pre-U and SQA 
exam specifications.

Two satellites in elliptical orbits were used to measure time 
dilation in a gravitational field.

Exam links 

The faulty launch of a pair of satellites gave an opportunity to 
measure how gravity affects the passage of time. The results agreed 
with the predictions of Einstein’s theory of general relativity

Peter Main
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This greatly reduced the satellites’ radiation exposure, ensuring 
a long-term reliable performance. In addition, the orbit was 
more circular, which helped the satellites to fit into the Galileo 
navigational system and gradually positioned them to be 180° 
from each other round the orbit. It took about 7 months to 
achieve this. 

Figure 1 shows the initial and final orbits of the satellites as 
well as the desired orbit. Now the satellites were in a position 
where, with a certain amount of ingenuity, they could be used 
for their original purpose.

The Van Allen radiation belts
The discovery of the Van Allen radiation belts makes an 
interesting story. In January 1958, at the height of the Cold 
War, the USA launched its first Earth satellite, Explorer 1. It 
was 3 months after the Russians had launched their first 
satellite, Sputnik 1, and 2 months after Sputnik 2 was successfully 
launched. The Americans were desperate to catch up with the 
Soviet Union, but they had been held back by launch failures. 

James Van Allen of Iowa University was given the urgent 
job of designing the scientific payload of Explorer 1, which he 
made as basic and as light as possible. In fact, the satellite just 
contained some temperature sensors, an acoustic sensor and 
a Geiger counter with a tape recorder, as well as the essential 
communications equipment. The tape recorder was to record 
the output of the Geiger counter while the satellite was out of 
contact with the ground station.

Van Allen was expecting to detect only cosmic rays with 
the Geiger counter, but instead it recorded a rapid build-up 
of radiation, and then suddenly nothing. It was thought (and 
confirmed later) that the radiation was so intense that it had 
overwhelmed the counter, making it unable to register anything. 
It is now well known that the Earth is surrounded by radiation 
belts consisting of energetic charged particles, mostly electrons, 
captured from the solar wind by the Earth’s magnetic field. 
Although the Americans were second into space, they were the 
first to make a discovery about the Earth’s space environment. 

A cross-section of the radiation belts is shown in Figure 2. 
There are three altogether and they clearly follow the shape of 

the Earth’s magnetic field. Their closest approach to the Earth’s 
surface is near the magnetic poles, where they can interact 
with the upper atmosphere to give rise to the aurora borealis 
(northern lights) and aurora australis (southern lights).

The experiment
Now back to the satellites. Because they were designed to be used 
in a navigational system, they contained atomic clocks, which 
were highly accurate — to 1 second in about 30 million years, 
or roughly 0.1 nanoseconds per day (1 nanosecond = 10−9 s). 
Einstein’s theory of gravity — his theory of general relativity 
(PHYSICS REVIEW Vol. 29, No. 3, pp 2–6) — predicts that time 
progresses at a rate that depends upon the strength of the 
gravitational field. 

The satellites were in an orbit that changed height from about 
17 000 km to 26 000 km. Over that distance the acceleration due 
to Earth’s gravity changes by a factor of 1.9. So, according to 
the theory, from the point of view of an observer on Earth, the 
clocks in the satellites would run faster at a height of 26 000 km 
than they would at 17 000 km. The difference in rate, although 
tiny, should be quite measurable with the instruments onboard. 
This is known as gravitational time dilation and is the basis of 
the redshift used by astronomers. 

It should be pointed out that there is no doubt about Einstein’s 
theory because it has been used by astronomers and cosmologists 
for a long time with spectacular success. However, this aspect of 
the theory — the change in the rate at which time passes — has 
rarely been measured directly. The last time was over 40 years 
ago by Gravity Probe A (see below). All other applications, such 
as its successful use in the GPS system, have simply assumed the 
theory to be correct and accepted its predictions. These satellites 
in an elliptical orbit therefore presented an unexpected but 
golden opportunity to test Einstein’s theory to a much higher 
precision than was previously possible. This could only be 
done because the experiment did not interfere with the normal 
running of the satellites.

Figure 1 The initial, target and final satellite orbits. The Earth’s 
centre of gravity is at one focus of the elliptical orbits

Earth

initial orbit

�nal orbit
apogee

perigee

target circular
orbit

Figure 2 Cross-section of the Van Allen radiation belts 
superimposed on the Earth’s magnetic field lines
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(Box 1). Their properties mean that a beam of light will always 
be reflected back to its source, no matter what the angle of 
incidence might be. Using laser ranging, it became clear that 
the greatest source of error in predicting the position of the 

Gravity Probe A
The last occasion when time dilation was measured accurately 
was in 1976. It was a space-based experiment, carried out by 
NASA and the Smithsonian Astrophysical Observatory. The 
space probe, carrying a hydrogen maser, was launched into a 
suborbital flight lasting just under 2 hours and reaching a height 
of 10 000 km. A maser is like a laser except that it produces 
microwaves instead of visible light. The microwaves in this case 
had an extremely stable frequency, equivalent to a clock that is 
accurate to 1 second in 50 million years.

The frequency of the microwaves received from the probe 
was not only altered by time dilation, but also by the Doppler 
shift caused by the probe moving relative to the ground. After 
correction for the Doppler shift and an adjustment given 
by special relativity, the frequency was compared with that 
produced by an identical maser on the ground. The frequency 
difference was then compared with that predicted by general 
relativity. It was found that the maser frequency increased in the 
weaker gravitational field along the probe’s path by an amount 
predicted by Einstein’s theory to a precision of about 100 parts 
per million — ten times better than the previous determination 
of the effect.

Procedure and results
To reduce experimental error, it was important to know the 
position and movement of each of the navigation satellites 
as accurately as possible. This was done by taking laser-
ranging measurements. Each satellite was already fitted with 
laser retroreflectors, sometimes called corner cube reflectors 

Box 1 Retroreflectors

A retroreflector is a device that reflects light back to its source, for 
any direction of incidence. It consists of three mutually perpendicular 
reflective surfaces, arranged to form the corner of a cube. Figure 1.1 
illustrates this and shows two different rays being reflected back 
along their direction of incidence. Astronauts on the Apollo 11, 14 
and 15 missions left retroreflectors on the Moon as part of the Lunar 
Laser Ranging Experiment, which measures the distance between 
Earth and Moon to millimetre precision (PHYSICS REVIEW Vol 18, No. 1, 
pp. 12–15). 

Figure 1.1 A corner cube reflector

Artist’s impression of a fully operational Galileo satellite.

PhysRev_V29_4_CC_Print.indd   14 20/02/2020   17:04



15www.hoddereducation.co.uk/physicsreview

satellite was due to the effect of the Sun’s radiation. Photons 
possess momentum and they impart momentum to any surface 
on which they are incident, including the satellite. Ignoring this 
effect could put the predicted position of the satellite in error by 
about 1 km per day.

The atomic clock frequency of each satellite was recorded 
as a function of height for 1000 days and compared with the 
frequency of an identical atomic clock on the ground. The 
difference in frequency was then compared with the prediction 
of general relativity. It was found that general relativity predicted 
the gravitational time dilation correct to about 20 parts per 
million — the most precise determination to date and five times 
better than that obtained previously. 

Comment
Why bother testing a theory that has performed so well for 
about 100 years? The testing continues — there is now an 
experiment on the International Space Station that aims to 
improve the measurement of time dilation to a precision of 
about two parts per million. This is a factor of ten better than 
using the navigation satellites. Physics progresses when a theory 
gives inaccurate or wrong predictions. Experiments can then be 
devised that will show what went wrong, enabling physicists to 
amend the inaccurate theory or develop a new one. 

The theory of gravity is certainly worth testing because there 
are aspects of gravity that remain a mystery. For example, 
neither dark matter nor dark energy can be explained. Finding 
an inaccurate prediction of general relativity will hopefully give 
clues as to where to look for a better theory. 

A related problem is that no way has yet been found to 
combine general relativity with the highly successful quantum 
theory to produce a theory of quantum gravity. It appears that 
our formulation of either general relativity or quantum theory 
(or both) must change before that can happen. The person who 
achieves this will certainly deserve a Nobel prize.

The inside story of the faulty launch, recovery and exploitation of the 
satellites:  
www.tinyurl.com/Galileo-5-6

An excellent video of the time dilation experiment: 
www.tinyurl.com/time-dilation-experiment

References and further reading References and further reading

Peter Main is on the academic staff of the University of York 
and is also a member of the PHYSICS REVIEW editorial board.

Artist’s impression of two Galileo satellites, carried by an 
upper rocket stage, separating from the Soyuz third stage
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Solar 
fuel

 at a glance

1 The Sun

Humans have long recognised the Sun’s importance. For example, the 
German Nebra sky disk, dating from about 1600 BC, has gold symbols 
representing the Sun, Moon and stars. But the Sun’s energy supply 
was explained only a century ago.

3 Burning fuel

In the 1850s Hermann von Helmholtz calculated that if the Sun was powered by burning a fuel such 
as coal, its lifetime was only a few thousand years:

Burning 1 kg of coal releases about 3 × 107 J of energy.

Sun’s lifetime ≈  
MSun × 3 × 107 J kg−1

LSun

= 1.6 × 1011 s ≈ 5 × 103 years

2 Sun data

Distance from 
Earth, dSun

1.496 × 1011 m

Mass, MSun 1.989 × 1030 kg

Radius, rSun 6.955 × 108 m

Luminosity, LSun 3.827 × 1026 W

Surface 
temperature, TSun

5778 K

Download this poster at  
www.hoddereducation.co.uk/ 
physicsreviewextras

PhysicsReviewExtras
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Solar 
fuel

4 Meteors

In the 1850s and 1860s William Thompson (later Lord Kelvin) thought 
that energy might be delivered to the Sun by meteors. He modified 
his ideas when no meteors were observed close to the Sun. 

6 Nuclear reactions

In 1920, Arthur Eddington suggested that the Sun could shine by 
converting hydrogen into helium. He drew on several previous 
developments:

1896  Henri Becquerel discovered radioactivity.

1905  Einstein showed the equivalence between mass, m, and energy, E:

E = mc2

where c is the speed of light in a vacuum. 

1919–20  Francis Aston invented the mass spectrometer and used it to 
measure nuclear masses. He found a mass difference Δm between the 
masses of nuclei and their individual nucleons. 

8 Particles in the pp chain

Particle Mass/10−27 kg
4
2He 6.645
1
1H 1.673

e+ 9.110 × 10−4

ν 0.000

7 Hydrogen fusion 

1H
1H

electron neutrino positron gamma photon

1H

1H

1H

1H

1H

1H

2H

2H

3He

3He

4He

νe

νe

νe

e+

γ

γ

γ

e+

e+

In 1938 Hans Bethe worked out the proton–proton (pp) chain of 
fusion reactions that produce hydrogen from helium in the Sun:

41
1H → 4

2He + 2e+ + 2νe

There is a mass difference Δm between reactants and products, and 
energy ΔE is released. For each He nucleus:

Δm = 4.90 × 10−29 kg 
ΔE = c2Δm = 4.41 × 10−12 J

Observations and modelling indicate that about 75% of the Sun’s 
original mass was hydrogen, and that during its lifetime it will 
convert about 15% of that hydrogen into helium. Its calculated 
lifetime is about 1010 years, which is consistent with Earth’s age of 
about 4.6 × 109 years, deduced from radioactive dating. 

5 Gravitational collapse

shrinking 
sphere of gas

When a uniform sphere of mass M shrinks from radius R0 to R, and  
R << R0, the decrease in its gravitational potential energy, ΔEg, is:

ΔEg = 
3GM
5R

where G is the universal gravitational constant. 
Helmholtz and Kelvin proposed that the Sun was powered by 

gravitational collapse. They argued that a collapsing cloud gets 
hotter and, by relating ΔEg to the temperature rise, calculated that 
the Sun had taken about 20 million years since its formation to 
reach its present size, temperature and luminosity. This was less 
than one-tenth of the time needed for the geological and biological 
changes on Earth studied by Charles Darwin and others. 
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The Paralympic Games 
Carol Tear looks at how the adaptive sports technology that makes all the difference for 
Paralympians and other para-athletes uses many principles of science and engineering

Running blades are used by many athletes with one- or two-leg 
amputations. This article from Amputee Coalition explains how 
they work and discusses whether they give paralympic runners 
an advantage over able-bodied athletes: 

www.amputee-coalition.org/running-blade-prosthetics

The running blades are made from carbon-fibre-reinforced 
polymers. Find out more about them at this ThoughtCo. site:

www.tinyurl.com/running-blades

There are many rules about the technology allowed. For 
example, here is information from Archery Australia about 
assisted devices for para-archery:

https://tinyurl.com/para-archery-Australia

Para-cycling is one of the biggest fields represented in the 
Paralympics. Depending on athletes’ impairments, they might 
race on a bicycle, tricycle, tandem or hand-cycle. They can 
compete in sprints, time trials or road races, and in individual 
or team events. This site explains the cycle events at the Tokyo 
Paralympics:

https://tokyo2020.org/en/games/sport/paralympic/road-cycling

The cycling course is near Mount Fuji:

www.paralympic.org/news/tokyo-2020-para-cycling-course-confirmed

This site from the Cisco technology company details five 
inventions that have supported para-sport, including 3D 
printing:

www.tinyurl.com/Cisco-para-sport

This article from Mental Floss covers seven adaptive sports 
technologies seen at the Rio games in 2016. We will be seeing 
them again, and new ones, in Tokyo:

www.tinyurl.com/adaptive-sport-technology

On 25 August this year the Paralympic Games open in 
Tokyo. You can find the home page here:

https://tokyo2020.org/en

It will be 60 years since the first Paralympic Games, which 
took place in Rome in 1960. Here is a history of the games from 
the International Paralympic Committee:

www.paralympic.org/ipc/history

There are now 22 summer sports represented — you can find 
the list of summer and winter Paralympic sports here:

www.topendsports.com/events/paralympics/sports/index.htm

This 2012 article from Ingenia, a Royal Academy of 
Engineering magazine, gives an overview of some of the 
Paralympic technology:

www.tinyurl.com/Ingenia-Paralympic

Having good-quality equipment makes a very big 
difference to any athlete, but this is perhaps especially true of 
Paralympians. This New York Times article written during the 
London Paralympics in 2012 discusses the disadvantages that 
underfunded athletes have to contend with:

www.tinyurl.com/NYT-Paralympians

Many athletes use specially adapted sports wheelchairs. RMA 
Sport UK specialises in high-performance sports and active 
wheelchairs. This site shows some of the designs available:

www.tinyurl.com/RMA-wheelchairs

This Wheelpower site helps people to get started with para-
sports, choosing a sport and wheelchairs:

www.wheelpower.org.uk/sports%20wheelchairs

 physics online

PhysRev_V29_4_CC_Print.indd   18 20/02/2020   17:12



19www.hoddereducation.co.uk/physicsreview

Materials science is behind many adaptive technologies. If 
you are interested in a career in this field, many universities 
offer degree courses in materials science, or courses that include 
it. You can find a complete list on the UCAS site:

www.tinyurl.com/UCAS-list

Here are just a few examples of what is available and what 
you would study…

A BSc in materials science and engineering from the 
University of Manchester:

www.tinyurl.com/Manchester-materials-science

A BA or MSci in natural science from the University of 
Cambridge, where you can specialise in materials science or 
study it as part of your science course: 

www.msm.cam.ac.uk/undergraduate-study

An MEng in materials science and engineering from the 
University of Oxford:

www.tinyurl.com/Oxford-materials-science

A BEng or MEng in materials science and engineering from 
Swansea University:

www.swansea.ac.uk/engineering/materials

For a course that focuses on both sports science and 
technology, Loughborough University offers a BEng degree in 
sports technology:

Carol Tear is an A-level physics examiner and a member of the 
PHYSICS REVIEW editorial board.

www.tinyurl.com/Loughborough-sports-tech

And if helping other people achieve at a sport appeals to you, 
at the University of Worcester you can study for a BSc in sports 
coaching science with disability sport:

www.tinyurl.com/Worcester-disability-sport

Finally, this YouTube video summarises how the Paralympic 
Games have changed in the 30 years since the International 
Paralympic Committee was formed:

www.tinyurl.com/Paralympic-history
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An analogy
To understand why resistance decreases as parallel branches are 
added to a circuit, it can be helpful to use an analogy. 

Imagine a stadium with a capacity of 64 000 people. If one 
(large) door is opened that allows 1000 people per hour to leave, 
it will take 64 hours to empty the stadium, which is clearly mad. 
The organisers open a similar door on the other side. There 
is now a flow rate of 2000 people per hour, so the time has 
decreased to 32 hours. A third and fourth door further increase 
the flow rate to 4000 people per hour and decrease the time to 
16 hours. Clearly this is still too long still, so the organisers open 
all the doors available to them. 

With each door being opened, the total flow rate of people 
increases and therefore the time to empty the stadium has 
decreased. We might say that the resistance to the flow of people 
has decreased, which means that the rate of flow of people has 
increased.

We can relate the rate of flow of people to the rate of flow of 
charge — the current (Equation 4). The doors out of a stadium 
are similar to the branches in a parallel circuit. By increasing 
the number of branches in a circuit, we increase the number 
of routes along which charge can flow around the circuit, and 
therefore the current increases. For current to increase, the 
circuit resistance must have decreased.

Remember that wires in circuits are assumed to have no 
resistance, so will not affect the current flow in the circuit. We 
can think of them as having an infinite ability to carry current.

Another analogy
Imagine two rivers merging (Figure 1). After the merger, the 
total amount of water flowing per second — the water current 
— will be the sum of the currents in the two rivers.

A t GCSE (or equivalent) you will have learned that 
resistances add up in series, while in parallel the 
resistance of the entire circuit decreases as branches are 

added — which can seem odd and unexpected. Here we look at 
the physics and mathematics behind this situation, and explain 
the use of reciprocals in the calculations.

Circuit theory
First, a quick recap of circuit theory.

The current, I, in a component is proportional to its resistance, 
R, and to the potential difference, V, across the component:

V = IR (1)

Equation 1 also applies to a whole circuit, where RT is the 
total circuit resistance, VT the potential difference of the power 
supply, and IT the total current through the power supply: 

VT = ITRT (1a)

In a series circuit the current is the same throughout the 
circuit. The potential differences (pds) across components in 
series (V1 etc.) add up to the pd of the supply:

VT = V1 + V2 … + V
n
 (2)

In a circuit with several branches connected to the power 
supply in parallel, the pd across each branch is equal to the 
supply pd and the total current is shared between the branches:

IT = I1 + I2 … + I
n
 (3)

Current is the rate of flow of charge. If charge Q flows past a 
point in time t, then:

I = 
Q
t

  (4)

Using reciprocals 
There are several situations in physics where you need to manipulate 
reciprocals (‘one over something’). A familiar application involves combining 
resistances in parallel, where slips in calculation are all too common

 mathskit
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Calculating resistance
We can use Equation 5 to substitute 1/R in place of G in 
Equation 6:

1
RT

 = 
1
R1

 + 
1
R2

 + … + 
1
Rn

  (7)

This is an expression for calculating the reciprocal of the total 
resistance of the circuit. 

Note: When you have added all the reciprocals you have calculated 
1/R

T. You need to find the reciprocal of that value to get the final 
answer for RT.

A quick and easy way to check your answer is to look at 
the value of resistance within each branch. The total circuit 
resistance must be smaller than the smallest branch resistance 
in the circuit. But if your answer is very much smaller you have 
probably made a slip, so go back and check your working.

Resistors in series
Each time a component is added to a series circuit it will 
increase the total resistance:

RT = R1 + R2 + … + R
n
 (8)

If resistance is added to the circuit the conductance must 
decrease. Substituting Equation 5 into Equation 8:

1
GT

 = 
1
G1

 + 
1
G2

 + … + 
1
Gn

  (9)

As resistors are added in series, so the circuit conductance 
must decrease and therefore the circuit resistance has to increase:

1
GT

 = R1 + R2 + … + R
n
 (10)

Which is the same as Equation 5.

Try for yourself
By trying Equation 7 with a couple of values you should see that 
each time you add a resistor, the total resistance decreases. Try 
calculating the total resistance of the circuit in Figure 3, then 
turn to page 32 for the answer. 

Other reciprocals in physics
We have focused on the example of combining resistances in 
parallel. But that is not the only situation in physics where 
you need to add reciprocals and then find the reciprocal of 
the result. Similar calculations are needed when you calculate 
the combined spring constant of parallel springs and (perhaps 
surprisingly) the total capacitance when capacitors are joined 
in series. Keep a lookout for these examples as you progress 
through your physics course. 

Now think of a circuit of water flowing that divides and 
connects back together (Figure 2a). The sum of the currents in 
the branches will equal the current in the rest of the circuit. In 
this water circuit there might be water wheels situated in each 
branch, or narrow sections of pipe that slow down the water. 
Think of these as being like the lamps or other components that 
reduce the flow of current in an electric circuit (Figure 2b).

Resistors in parallel
To see how to calculate the combined effect of parallel electrical 
components, it can be helpful to look at conductance rather 
than resistance. Resistance can be thought of as a measure of 
how much a circuit does not want to conduct electricity, and 
conductance as a measure of how much it does. Conductance 
(symbol G) is the reciprocal of resistance:

G = 
1
R

  (5)

and has SI units of Ω−1. As resistance increases conductance 
decreases, and vice versa. 

We know from the analogies above that adding branches 
increases the flow rate — the conductance is increased. The total 
conductance G

T is given by:

GT = G1 + G2 + … G
n
 (6)

To get the same total current through the power supply we 
could replace all the branches with a single component with 
conductance GT. By adding a branch, we increase the total 
conductance of the circuit. The total current has increased so the 
total resistance must have decreased.

Another way to think of what happens when you add parallel 
branches is to remember that the air around a single resistor is 
almost a perfect insulator. If you replace some of this air with 
a second resistor in parallel, you are making an extra pathway 
for current. Each subsequent resistor in parallel removes more 
insulator and replaces it with more conductor, further increasing 
the conductance (reducing resistance and thus increasing the 
total current through the circuit). 

Sandy Loynd is a school improvement leader for physics and a 
physics SLE, teaching at South Hunsley and Driffield Schools in 
Yorkshire. 

Figure 1 Two rivers merging

parallel rivers

Figure 2 (a) A water circuit with parallel branches. (b) An electric 
circuit with parallel branches

G1

G2

Gtot(a) (b)

Figure 3 Calculate 
the total resistance of 
this circuit

1000 Ω

10 000 Ω 1000 Ω
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(a) The cold water gains energy in two stages and the entire 
process can be summed up in three separate energy changes: 
(1)  Energy lost by the steam as it condenses (Box 1) 

= (258.3 − 255.0) × 10−3 kg × L  
= 3.3 × 10−3 kg × L [MP1]

A -level examinations include indirect assessment 
of practical skills. Each board has its own series of 
required practicals, but exam questions may also be 

set on unfamiliar experiments. The experiment in this question 
— to find the specific latent heat of vaporisation of water — 
is an example. Many students would not have seen this exact 
set-up before, but would have seen similar techniques in other 
situations.

The question is taken from the June 2018 Edexcel Advanced 
Physics Paper 3, which is a synoptic paper covering the general 
and practical principles of the whole specification. The question 
is reproduced by kind permission of Pearson Education Ltd 
(Edexcel). The answers that follow are the responsibility of 
PHYSICS REVIEW and Edexcel accepts no responsibility whatsoever 
for their accuracy or method of working.

The solution
The model answer below largely follows the official mark 
scheme. Marking points (MP1, MP2 etc.) in the margin show 
where credit is awarded.

Questions set in a  
practical context

 exam talkback

The question
A student carried out an experiment to determine the specific latent 
heat of vaporisation of water using the apparatus shown.

water

�ask

glass tubing

temperature probe

cold waterinsulated cup

data
logger

The water in the flask was heated and steam was forced out of the flask 
and through the glass tubing into the cold water in the insulated cup. 
The steam condensed as it passed into the cold water.
(a) The initial temperature of the cold water was 18.5°C and the mass of 
water in the cup was 255.0 g. After steam had been passed through the 
water for some time the temperature had risen to 26.0°C and the mass of 
the water in the cup was 258.3 g.
Calculate the specific latent heat of vaporisation of water. (3 marks)
specific heat capacity of water = 4190 J kg−1 K−1

(b) (i) Explain why the water was heated to boiling point and left 
boiling for a few minutes before the insulated cup of cold water 
was put in place. (2 marks)
(ii) Identify a significant source of error in this experiment and the 
steps that should be taken to minimise its effect on the calculated 
value of the specific latent heat of vaporisation of water. (2 marks)

 (Total for question = 7 marks)

Examination questions about experiments will not 
always be about required practicals, but they will 
test how well you can apply practical know-how 
and physics theory to a specific situation
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(2)  Energy lost by the hot water (the condensed steam) as it 
cools 
= 3.3 × 10−3 kg × 4190 J kg−1 K−1 × (100 – 26) K 
= 1023 J [MP2]

(3)  Energy gained by the cold water as its temperature rises 
= 0.255 kg × 4190 J kg−1 K−1 × (26 − 18.5) K 
= 8013 J

If no energy is transferred to the surroundings, the sum of (1) 
and (2) must match (3).

∴ 3.3 × 10−3 kg × L + 1023 J = 8013 J

∴ L  = 
(8013 − 1023) J

3.3 × 10−3 kg
= 2.12 × 106 J kg−1 [MP3]

(b) (i) Waiting allows time for the tubing to be brought up to the 
temperature of the steam [MP4], so steam does not condense in 
the tubing, but only in the cup [MP5].
(ii) Source of error — energy is transferred from the condensing 
steam to the cup or temperature probe. [MP6]

Suggested step(s)* — choosing a cup or probe with a low 
thermal capacity. [MP7]

*Only one step was needed to score the mark.
The mark scheme also accepted energy loss to the 

surroundings as a possible source of error [MP6] and shortening 
or lagging the delivery tube as a countermeasure [MP7].

Student answers 
Part (a)
Hannah

ΔE = mL     ΔE = mcΔθ      L = specific latent heat

3.3 × 10–3 × L  = 0.2550 × 4190 × 7.5 
= 8013.375 [MP1]

L = 
8013.4

3.3 × 10–3

= 2 428 295 J kg–1

Hannah uses two masses in her answer, but she has not 
realised that two temperature changes are also involved. Like 
many students in the exam, she ignores the energy lost by 
the condensed water as it cools from 100°C to 26°C, the final 
temperature of all the water in the cup.

Hyacinth

ΔQ = ΔmL      ΔQ = ΔmcΔθ

heat from condensation of steam 
+ heat lost from condensed water

=
heat gained by water  
(+ heat gain of 
environment)

(258.3 – 255) × 10–3 × L [MP1, MP2] 
+ (258.3 – 255) × 10–3 × 4190 × (100 – 26) 
 = 255 × 10–3 × 4190 × (26 – 18.5)

(3.3 × 10–3 × L) + 1023.2 = 8013.4  
L = 2.12 × 106 J kg–1 [MP3]

Hyacinth begins by setting out an energy balance equation 
— writing all the energy losses on one side and energy gains on 
the other. This helps to make sure that the energy lost by the 
condensed water is not forgotten. She substitutes values into her 
energy balance equation before she rearranges it and, with this 
simple strategy, completes the calculation successfully.

Henry

ΔEwater = ΔE(steam to water) + ΔE(hot to warm water)

m1cΔθ1 (gain) = m2L (loss) + m2cΔθ2 (loss)

L = ( c
m2

)(m1Δθ1 – m2Δθ2)

= c((m1

m2
) Δθ1 – Δθ2)

= 4190(( 0.2550
0.0033 ) × 7.5 – (–74)) 

= 2 738 355 J kg–1 ≈ 2.7 MJ kg–1 [MP1]

Henry also begins with an energy balance statement. He 
correctly rearranges his equation, but wrongly substitutes 
‘−74’ for Δθ2 in the penultimate line. Correct substitution, not 
rearrangement, is needed for MP2, so Henry does not score 
this mark.

Gains and losses appear as positive quantities on different 
sides of the energy balance equation. The hot water cooled 
down, so Δθ2 would be entered as ‘+74’ on the losses side of 
the equation, and so should also have been ‘+74’ in Henry’s 
rearrangement of it.

Hannah and Henry score 1, but Hyacinth gets all 3 marks.

Part (b)

Hannah

(i) So that a difference in pressure could be in place between the 
flask and the cup.

Box 1 Specific latent heat

The particles of a material have kinetic and potential energy. Their 
mean kinetic and potential energy relate to their temperature and 
arrangement, respectively. In a phase change — from gas to liquid, 
for example — there is a large change in the particles’ total potential 
energy, without any change in their mean kinetic energy. This 
requires a large exchange of energy with the surroundings, which 
occurs at constant temperature.

The energy exchanged is traditionally known as latent heat and its 
‘specific’ value is given per unit mass of material, which is in J kg–1. 
So:

Q = mL

where Q is the energy transferred to or from a mass m that 
undergoes a phase change, and L is the specific latent heat for the 
relevant phase change (for example, melting or evaporation) of the 
substance involved. 

Specific latent heat appears in the current AQA, Edexcel and OCR A 
specifications, and in an appendix to the OCR B specification. It is not 
in the Eduqas qualification, but the ideas behind it — such as internal 
energy (the kinetic and potential energy of particles) — are present in 
all the current specifications.
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some guidelines to help you think practically about experimental 
questions. 

(1) Think about any related experiments you have met
During your A-level course you will be asked to select ideas from 
familiar experiments and apply them to unfamiliar ones. You 
will almost certainly have seen or carried out other practical 
activities involving thermal energy transfers and losses. Try to 
think about the principles at work and the different strategies 
used in these experiments. Some of them may well be relevant 
to this situation and so considering them will help you to begin 
your answer.

(2) Be clear about the aim of the experiment
The aim is given in the first sentence of this question and 
affects all parts of it. The calculation in part (a) uses the very 
measurements and assumptions that are needed to fulfil the 
aim. This is a very big clue about what matters and what does 
not matter in part (b).

Many students, including Hyacinth, considered energy 
transfers involving the flask and its contents. These transfers may 
waste resources, but energy losses from the flask are irrelevant 
to the experimental measurements (they just mean that more 
gas is used to boil a given amount of water). The boiling water 
produces steam at 100°C and any that does not condense in the 
flask passes into the tubing.

(3) Focus on what is significant to the aim…
Despite answering a question about latent heat of vaporisation, 
none of our trio mentioned condensation as a possible reason 
for waiting in part (b)(i). When hot steam meets a cool surface, 
for example cool glass tubing, some of the steam condenses onto 
the surface as liquid water.

Any droplets formed on the inner surface of the flask fall back 
into the boiling water and have no impact on measurements 
made on the cup and its contents. Droplets inside the tubing, 
however, would run into the cup and affect the final value of 
mass — this does matter.

(4) …and ignore everything that is not
When you look closely at an experiment you may find so much 
physics at work that understanding it seems unmanageable 
— unless you can let go of the ideas that do not matter. For 
example, in her answer to b(ii) Hannah was probably thinking 
that the pressure in the flask would be slightly greater than the 
outside (a slight excess pressure would drive steam through the 
tube), and remembering that the boiling point of water depends 
on pressure. In principle, this could have affected the outcome of 
the experiment. In practice, the flow rate and the excess pressure 
are much too low to make any measurable difference and should 
have been ignored in this question.

You may be thinking that following this advice is easier said 
than done. But as with so many things, answering this type 
of question does become easier with experience — so keep 
practising.

(ii) Measurement of temperature of water in the flask — include 
a thermometer in the flask.

Hannah is not familiar with this type of experiment and does 
not recognise that the main reason for waiting is to reduce energy 
loss from the steam to the tube. A slight pressure difference does 
occur when heating begins, but it remains very small. So the 
temperature of the boiling water and its steam can be safely 
assumed to be 100°C. She scores no marks. 

Hyacinth

(i) Because all the equipment (tubing, bung, flask) needs to 
reach thermal equilibrium and reach the boiling point of water. 
Hence less heat/energy will be lost if a few minutes are left to 
pass, giving a more accurate value of specific latent heat. [MP4]

(ii) Heat can be lost through the top of the cup, even though the 
sides are insulated. To minimise the effect on the measurements, 
a lid should be added.

Hyacinth’s response is better, but still not the best. She sees 
that ‘the equipment…needs to reach…the boiling point’ but 
applies this to ‘all the equipment’. In fact, the inside of the flask 
does not need the waiting time in order to reach 100°C, but the 
tube does. It is further from the source of heat, and has a larger 
surface area relative to its volume.

Hyacinth is also a bit vague about energy losses and does not 
say which affect the final result (some do not) and which are 
decreased by waiting (some increase).

The second part of her answer gains no credit. The cup 
already has a lid — Hyacinth did not look closely enough at the 
diagram. The examiner gave Hyacinth 1 mark, but with a more 
demanding mark scheme she might well have failed to score for 
both parts.

Henry

(i) So that all the apparatus (tubing etc.) in contact with the 
hot water and steam has reached a steady temperature — close 
to the temperature of the steam. This reduces thermal energy 
transfer per second from the steam to the tubing because the 
tubing is as warm as possible.  [MP4]

(ii) The warm tubing will transfer thermal energy to the room 
and so will continue to absorb thermal energy from the steam 
at some rate, even when warm. Insulating the tubing to reduce 
the rate of transfer to the surroundings, e.g. with an insulating 
jacket, would reduce this effect.  [MP6, MP7]

Henry’s second sentence correctly focuses on the tubing, 
scoring the first mark for part (b)(i). He does not mention 
that waiting reduces condensation in the tubing and so does 
not score the second mark, despite the level of detail. His 
answer to (b)(ii) matches the mark scheme perfectly and scores 
both marks. 

Conclusion
Some students ask for a list of experiments to learn by heart, 
but examination questions go beyond recall and challenge you 
to apply your prior learning to a particular situation. Here are 

Hovan Catchatoor and Nicky Robinson teach physics at Reigate 
College, Surrey.
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single proton nucleus is nearly 2000 times more massive than 
an electron. 

Rutherford had shown that Coulomb’s law remains valid 
down to much smaller dimensions than an atom, and that 
Newton’s laws of motion could be used provided the speed 
of the electrons was much less than that of light (‘Rutherford’s 
nuclear atom revisited’, PHYSICS REVIEW Vol. 29, No. 2, 
pp. 10–12). 

Bohr assumed an atomic nucleus of charge +Ze and an 
electron (charge −e, mass m) with speed v following a circular 

R utherford’s model of the atom (mostly empty space) 
published in 1911 raised several questions, which Danish 
physicist Niels Bohr (1885–1962) attempted to answer. 

Bohr’s theory was set out in a three-part paper published in 1913 
with the title ‘On the constitution of atoms and molecules’. It 
proposed answers to the following questions:

 ■ How were the atomic electrons arranged around the nucleus?
 ■ What kept an atom from collapsing as the positively charged 

nucleus attracted the negatively charged electrons? 

Bohr’s theory of the atom
Bohr’s theory uses mostly classical physics plus a quantum 
assumption. At first just the motion of the electrons relative 
to the nucleus is taken into consideration. This turns out 
to be a pretty good approximation. Even for hydrogen the 

Bohr’s theory 
of the atom 
revisited

The terms in bold link to topics in the AQA, Edexcel, OCR, WJEC 
and CCEA A-level specifications, as well as the IB, Pre-U and SQA 
exam specifications.

Bohr’s theory uses Coulomb’s law, circular motion and the 
quantisation of angular momentum to explain the hydrogen 
atom’s size, energy levels and line spectra. But a prediction of 
magnetic field disagrees with observation. 

Exam links 

Over 100 years ago, Niels Bohr’s atomic theory was a real breakthrough. Rick 
Marshall explains how the theory addressed questions raised by Rutherford’s 
nuclear model, and how it predicts an upper limit to the periodic table

Rick Marshall

Figure 1 Bohr’s model of an atom (not to scale)

nucleus +Ze

electron mass m 
charge –e

v

r
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orbit around it of radius r (Figure 1). The electrostatic Coulomb 
attraction between an electron and the nucleus supplied the 
centripetal force to keep the electron in its orbit:

m2v
r

 = 
1

4πε0

 × 
eZe
r2

 (1)

Introducing quantisation

Planck and Einstein had shown that when light is emitted or 
absorbed it does not happen continuously, but does so in lumps 
or quanta, given by the formula:

E = hf (2)

where f is the frequency of the light and h is the Planck constant 
(‘The photoelectric effect revisited’, PHYSICS REVIEW Vol. 29, No. 3, 
pp. 8–10).

Bohr adapted the Planck formula by interpreting E as the 
kinetic energy of a circulating electron (NB, not its total energy) 
and f as its frequency of revolution. He further assumed that the 
constant of proportionality was some fraction α of h, so:

f = 
v

2πr
 (3)

and

Ek = 
mv2

2
 = αhf  (4)

Combining Equations 3 and 4:

mvr = 
2αh
2π

  (5)

The quantity mvr is the angular momentum, L, of the 
circulating electron. Bohr’s theory restricts the allowed electron 
orbits to certain values of angular momentum, and states that 
2α can only take the values 1, 2, 3…etc. So 2α is set equal to n, 
and:

mvr = nħ (6)

where ħ = h/2π and is spoken as ‘h-bar’. 
Bohr’s quantisation rule is written as:

L
n
 = mv

n
r

n
 = nħ (7)

The number n is called the quantum number. The restriction 
that n cannot be zero ensures that the atom cannot collapse. 
The electron must stay at least some minimum distance from the 
nucleus, and thus an atom must have a minimum size.

Electron radii and speeds
A bit of algebra leads to the two basic results needed to explore 
the details of Bohr’s atomic model.

Rearranging Equation 7:

v
n
 = 

nħ
mr

n

 (7a)

Substituting for v
n
 into Equation 1 gives:

r
n
 = 

4πε0n2ħ2

mZe2
 (8)

Thus the electrons have discrete sized orbits.
Substituting Equation 8 in Equation 7a gives:

v
n
 = 

1
4πε0

 × 
Ze2

nħ
 (9)

So each allowed orbit has an associated orbital speed (or, equivalently, 
an orbital frequency — see Equation 3) for its electron.

Describing the atom
Bohr went on to calculate the energies of the orbits for atomic 
hydrogen (see below), which were then referred to as the 
different quantised energy levels that the electron could occupy. 

When the electron is in the lowest energy level (n = 1) the 
atom is said to be in its ground state. Higher energy levels 
correspond to excited states. Somewhat confusingly, the first 
excited state has the quantum number n = 2, the second excited 
state has quantum number 3 and so on. 

Although modern theories no longer consider electrons 
in atoms as tiny particles in orbit (they are described using 
wave functions), the labels energy level and state survived, and 
tend to be used interchangeably. Orbit came to be seen as too 
mechanistic a description.

The size of a hydrogen atom
Putting n = 1 into Equation 8 gives the radius of the lowest orbit. 
For hydrogen, which has Z = 1:

r1 = 5.29 × 10−11 m

This is called the Bohr radius. Bohr’s theory predicts that the 
smallest diameter of a hydrogen atom is about 10−10 m. This is 
a truly remarkable result — Bohr’s theory is able to calculate 
the actual size of a hydrogen atom from first principles and the 
value is consistent with experimental measurement.

Orbital speed imits
Equation 9 shows that for any atom the orbital speed of an 
electron is a maximum for n = 1, which is the orbit nearest to 
the nucleus. For hydrogen:

v1 ≈ 1.5 × 107 m s−1

which is about 5% of the speed of light. So non-relativistic 
dynamics is just about suitable for hydrogen, but gets less so as 
Z increases for the heavier elements in the periodic table. 

The maximum possible speed for any material particle must 
be just short of the speed of light, c. Putting v = c into Equation 9 
sets an upper bound to Z:

Zmax = 
4πε0ħc

e2
 (10)

= 137 
The heaviest element that has been synthesised so far is 

oganesson (Og), with Z = 118. The above argument suggests that 
there are just 19 more elements possible before the speed of light 
sets an upper limit to the periodic table.

Figure 2 The visible spectrum of atomic hydrogen (the Balmer 
series), showing which energy level changes are involved

from
n = 6 to 

n = 2

from
n = 5 to 

n = 2

increasing frequency and energy increasing wavelength

from
n = 4 to 

n = 2

from
n = 3 to 

n = 2
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The Balmer series 
Bohr calculated the total energy of the electrons in the allowed 
orbits for hydrogen by finding the sum of their kinetic energies 
and their electrostatic potential energies. When an electron 
changes its allowed orbit or energy level it is the differences in 
the quantised energies that give the energy of the emitted light 
quanta (or, alternatively, the exact energy the light quanta must 
have to be absorbed and excite the electron to a particular 
higher energy level).

Lower values of n correspond to higher values of circulating 
speed v

n (Equation 9). So when an electron changes from a 
higher to a lower excited state, the reduction in electrostatic 
potential energy is greater than the increase in kinetic energy, 
and conservation of energy allows the emission of light.

Hydrogen’s visible spectrum consists of the Balmer series 
(Figure 2), with each line corresponding to electrons dropping 
back to the n = 2 level from a higher energy state. The observed 
frequencies are as calculated using Bohr’s theory. 

An excited hydrogen atom
The size of the hydrogen atom (Equation 8, Z = 1) depends 
upon n2:

r
n
 = n2r1 (11)

In the first excited state, which has n = 2, the atom is 22 or four 
times larger than when in its ground state. For the n = 6 state, 
the atomic diameter is 62 or 36 times larger than when in the 
ground state. In making the violet Balmer transition from n = 6 
to n = 2 the diameter of the hydrogen atom decreases by a factor 
of 9 (Figure 3).

By the time n = 30, hydrogen only needs about another 
0.025 eV to be ionised. This is typically the thermal energy, kT, of 
an atom moving about at room temperature (k is the Boltzmann 

constant). Hydrogen atoms in states with higher values of n are 
unlikely under these conditions as any collision will probably 
result in ionisation. With n = 30 a hydrogen atom is now 302 
or 900 times larger than when in the ground state. This is just 
under 10−7 m in diameter. At its limit an optical microscope 
can just resolve objects about 2.5 × 10−7 m in size, which makes 
a highly excited hydrogen atom almost visible using an optical 
microscope (in principle, at least). 

Magnetic hydrogen?
A hydrogen atom with a single circulating electron looks like 
a minute electromagnet. The magnetic field B along its axis is:

B = µ0 

NI
2r

 (12)

where N is the number of turns, which in this case is effectively 
just one. The current I is the charge passing a point per second:

I = 
ev

2πr
 (13)

Thus:

B = 
µ0

2r
n

 × N( evn

2πr
n

)  (14)

Substituting for v
n
 and r

n
 shows that as n gets smaller B 

gets rapidly larger and, for ambient conditions when the atom 
will be in the ground state (n = 1), gives B = 12.4 T. Only a 
superconducting magnet would be capable of providing a B field 
this large. 

Does this impressive result strike you as odd in any way? 
Molecular hydrogen, H

2, is not noticeably magnetic. Maybe the 
single electrons on each hydrogen atom are circulating in opposite 
directions such that their magnetic fields cancel each other out? 
Atomic hydrogen in its ground state is not magnetically attracted 
to the sides of steel containers etc. This is just one of the puzzles 
that Bohr’s old quantum theory throws up. 

The quantum world turns out to be very different from 
Bohr’s relatively simple model. In the ground state, although the 
electron does have kinetic energy it does not have any angular 
momentum, and so is not circulating at all. For energy levels 

Figure 3 The hydrogen atom drawn to scale

= ground state r1
0 10 20 30 40 r1

2n = 3 4 5 6

There is an upper limit to the periodic table, with 
a further 19 possible elements beyond oganesson

PhysRev_V29_4_CC_Print.indd   27 20/02/2020   17:13



28 Physics Review April 202028

 who were they?

Niels Bohr
1885–1962

Niels Bohr was born in Copenhagen, Denmark. His father 
was a physiology professor and his mother’s family 
had links to banking and politics. The Bohrs were well 

educated in the arts, literature and science — and were interested 
in sports. Niels and his brother, Harald, were footballers. Harald 
(later a mathematics professor) played for Denmark in the 1908 
Olympics.

In 1903 Niels joined the University of Copenhagen where 
he studied mathematics and physics, leading to a doctoral 
thesis on the electron theory of metals in 1911. In 1912 he 
travelled to England. Initially he went to the University of 
Cambridge to study with J. J. Thomson, and then to the 
University of Manchester to work with Ernest Rutherford 
(Who were they?, PHYSICS REVIEW Vol. 26, No. 1, p. 19). Bohr 
enjoyed deep theoretical discussions with Rutherford, whose 
work on atomic structure had superseded Thomson’s ‘plum 
pudding’ model. 

Over the next few years Bohr developed his atomic model 
(pp. 25–28). This was recognised with the award of the Nobel 
prize for physics in 1922, by which time he was at the University 
of Copenhagen leading the Institute of Theoretical Physics, 
which had been established for him.

When, in 1938, Lise Meitner and Otto Frisch explained how 
nuclear fission was possible, they used Bohr’s liquid drop model 
(Crossword notes, pp. 29–32) as the starting point. When Frisch 
told Bohr of their idea he is said to have replied: ‘Oh, what 
idiots we all have been. This is just as it must be.’ Bohr, along 
with an American physicist, John Wheeler, realised that fission 
of a critical mass of uranium-235 could cause an immense 
explosion. 

At the outbreak of the Second World War, many scientists 
fled from Germany. Bohr’s institute was a stopping-off point 
for those moving away, often to the USA. In 1941 one of Bohr’s 
former students, Werner Heisenberg, now a theoretical physicist 
leading the Nazi German nuclear weapons project, visited Bohr. 
There has been much speculation about what they discussed, 
which is explored in Michael Frayn’s play Copenhagen.

After the war Bohr promoted the peaceful application of 
atomic physics and supported the development of CERN as a 
European research centre.

The Niels Bohr Institute: 
www.nbi.ku.dk/english/www/niels/bohr

Wikipedia: 
https://en.wikipedia.org/wiki/Niels_Bohr

Bohr’s Nobel prize: 
www.nobelprize.org/prizes/physics/1922/bohr/biographical

For more on Bohr and other influential physicists: 
Snow C. P. (1982) The Physicists: A Generation that Changed the 
World, Papermac.

References and further reading References and further reading

n = 2 and upwards, there is a magnetic field associated with the 
electron’s angular momentum. 

Bohr’s legacy
Bohr’s theory had a good run, lasting 13 years. Its key success 
was calculating the size of a hydrogen atom from first principles 
and explaining its basic structure, as well as accounting, with 
considerable precision, for some atomic spectra (in particular 
the Balmer series). However, it suffered from some internal 

contradictions and too many things it could not explain at all. 
The mental picture of the atom it gave us is perhaps its lasting 
legacy, and it still serves as a classic example of how scientific 
theories rise and fall, fuelled by the interplay of ideas and 
agreement, or otherwise, with experiment.

Rick Marshall has worked in physics for 60 years, including 12 as 
a teacher.

Niels Bohr
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Raindrops

Droplet (10 Across), turbulence (5 Down), rho (3 Down), 
oil (16 Across), solve (28 Across)
What is the difference between a drop and a droplet? Is a droplet 
simply a little drop? 

The obvious shape of a drop(let) is a sphere. Think of a 
sphere with radius r, then scale up to one with radius nr. The 
surface area will be multiplied by n2 and the volume by n3 
(Mathskit, PHYSICS REVIEW Vol. 29, No. 2, pp. 21–23). Liquid 
drop(let)s are held together by surface tension forces, which 
are proportional to surface area (r2). If a drop is ‘too large’, its 
weight (proportional to volume, r3) distorts the spherical shape, 
and the drop may break into smaller droplets. However, there is 
more to it than that. 

Water that evaporates from Earth’s surface can eventually fall 
as rain. Air turbulence and dust particles have been shown to 
play a part in forming droplets from vapour. Turbulence helps to 
produce charge separation — rather like rubbing a plastic comb 
on your sleeve. Once droplets have been formed the cloud may 
produce rain. The droplets are small and fall with negligible 

Drops and  
turbulence

 crossword

1 2 43 645 7

8

9 103

311

12 13 14 15

16 5

1817 3 2019 21

1 22

23 24 3 25 26

27 284

3 29

30 31

ID FF CAR A4T O MT

1O 2A 3SH L4U 5 E5

LP TU D3O POR E TL

1P 2L 3A3 H4B 5 I5
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P1 22 OI3 U4N 5 A5

OC MS 3CI NOC E XV

1O O2 3M3 44E 5 WA

AN UT LAR OS4 V EL

1I S2 3S3 4EN 5 LV

OC ED IS3 RED A LE

What is the difference between 
droplets and drops?

Ideas about liquid drops and turbulence come together in three linked sections that discuss the 
formation of raindrops, conditions for astronomical observation and a model of the nucleus

Solution and notes
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speed. They quickly reach a terminal velocity because of their 
low mass and the relatively large upthrust they experience 
from the air, and because of drag forces acting against their 
downwards movement. 

If the droplets collide with one another, perhaps helped by 
their having opposite charges, they form larger drops that can 
reach higher terminal velocities. If the diameter of the droplets 
increases above about 5 mm their shape is distorted, and at 
diameters greater than about 8 mm they break up. According to 
Dick File’s Weather Watch (see References and further reading), 
the largest droplets (radius around 2–5 mm) have a terminal 
velocity in air of about 9 m s−1. But we need to look more closely 
at these values. 

Falling in air
In a vacuum all objects, whatever their mass, fall under gravity 
with the same acceleration (g). In air they also experience a 
constant upthrust, and a drag force that increases with speed. 

Suppose we have a sphere of density ρ (the Greek letter rho) 
and radius r, falling through a fluid of density ρF. Three forces 
act on the sphere (Figure 1):

 ■ the sphere’s weight, W:

W = 
4
3

 πr3 × ρ × g (1)

 ■ the upthrust, U, which is equal to the weight of air displaced:

U = 
4
3

 πr3 × ρF × g (2)

 ■ the drag force, FD

If the sphere is small and moving slowly through a viscous 
fluid (At a glance, PHYSICS REVIEW Vol. 29, No. 2, pp. 16–17) the 
dominant drag force is given by Stokes’s formula:

FD = 6πrvη (3)

where η is the fluid’s coefficient of viscosity and v the object’s 
speed relative to the fluid. Table 1 lists values of η for air 
at different temperatures. Notice that air’s viscosity, like that 
of most gases, increases as temperature rises. This is unlike 
liquids (such as oil) whose viscosities usually decrease with rising 
temperature. 

The drag force increases with speed, and as the sphere 
accelerates it reaches a speed at which it experiences no resultant 
force: 

W = U + FD (4)

There is no further acceleration and the sphere falls with 
constant terminal velocity, v, such that:

4
3

 πr3 × ρ × g  = ( 4
3

 πr3 × ρF × g ) + 6πrvη (4a)

Rearranging and cancelling r and π we solve for v:

v = 2r2g 
ρ − ρF

9η
  (5)

The density of air, ρF, in our equations is about 1.2 kg m−3 
at ground level. At cloud levels (lower pressure) we can take 
it as 1 kg m−3. The density of water, ρ = 1000 kg m−3. Hence 
(ρ − ρF) = 999 kg m−3. Table 2 lists results of the calculation using 
η = 18 μN s m−2. 

Turbulent flow
The last two entries in Table 2 should surprise you. Earlier 
we said that drops with diameters of 2–5 mm have terminal 
velocities of about 9 m s−1. Something has gone wrong, and that 
something is turbulence. Stokes’s formula only applies when the 
flow of fluid remains regular and streamlined, as in Figure 2(a), 
and so-called ‘inertial drag’ (At a glance, PHYSICS REVIEW Vol. 29, 
No. 2, pp. 16–17) is small. 

There is a very useful number that can be used to characterise 
flow. It is called the Reynolds number, Re (after the physicist and 
engineer Osborne Reynolds, 1842–1912):

Re = 
ρF × v × L

η
 (5)

where v is the speed of flow and L is a convenient linear 
measurement in the physical situation. 

Figure 2 shows the typical f low around a circular cross-
section of an object (actually a cylinder). When turbulence 
begins, the kinetic energy of the fluid increases as it is moving 
in other directions as well as f lowing past the object. So 
energy must be transferred from the object to the fluid. This 
energy is then not available to the object and its kinetic energy 
is much reduced from that expected. It moves more slowly. 
As the value of Re increases the flow becomes more and more 
turbulent, the dominant drag force is ‘inertial drag’ (which 
depends on the f luid’s density), and the actual terminal 
velocity falls further and further below that calculated using 
Stokes’s formula.

Table 1 Viscosity of air at atmospheric pressure (1.01 × 105 N m–2)

Temperature/°C Viscosity, η/μN s m–2

0 17.3

20 18.2

50 19.6

100 22.0

Table 2 Calculated terminal velocities of raindrops at 20°C 

Raindrop radius, r/mm Terminal velocity, v/m s–1

5 × 10–4 3.0 × 10–5

0.01 0.012

0.05 0.30

1.0 120

2.5 750Figure 1 Forces on a sphere falling in air

U + FD

W
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So…the difference between a drop and a droplet? I would 
suggest that droplets are spherical, moving slowly so that there 
is streamlined flow around them and experiencing a drag force 
described by Stokes’s law. 

For more on rain and raindrops: 
File, D. (1991), Weather Watch, Fourth Estate.

References and further reading References and further reading

Good seeing

See (28 Down), turbulence (5 Down), diffract (1 Across)
The clue for ‘see’ was pretty straightforward, but to see or, 
more correctly, ‘seeing’ is a technical term used by astronomers 
to describe the quality of observation conditions when using 
telescopes. The main culprit of poor seeing conditions is 
turbulence in Earth’s atmosphere. Low turbulence allows 
steady optical imaging of stars such that, for example, they 
appear as point sources. Increased turbulence refracts light 
chaotically and produces small erratic movements of the 
images, giving rise to what we see as ‘twinkling’ and blurring 
of images. The scientific term for this is ‘scintillation’.

For the professional astronomer, even a well-designed 
telescope suffers from seeing issues because of diffraction 
of light entering the instrument, which limits the resolving 
power (the minimum angle between two point-objects that 

Figure 2 Flow is streamlined when Re is small. As Re increases the 
flow becomes increasingly turbulent

(b)     Re = 20(a)     Re = 0.01

(d)     Re = 10 000

(c)     Re = 100

Turbulent flow in a rocky river
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produces distinct images). For the amateur stargazer, seeing 
is measured on the Antoniadi scale, which uses the Roman 
numerals I–V to represent ‘perfect’, ‘good’, ‘moderate’, ‘poor’ 
and ‘appalling’, respectively. This scale of seeing has been the 
subject of much debate, with a more nuanced system being 
suggested by some.

Nuclear model

Atom (6 Across), droplet (10 Across), latent (12 Across), 
atomic mass (11 Down)
The Danish physicist Niels Bohr (Who were they?, p. 28) developed 
the first reasonably successful model of the atom (‘Bohr’s theory 
of the atom revisited’, pp. 25–28), and also suggested that it 
might be useful to compare the properties of the nucleus to 
those of a drop of liquid. The Soviet/American physicist George 
Gamow (1904–68) took the idea much further and developed 
the liquid drop (or droplet) model of the nucleus. 

The similarities drawn between a drop of liquid and a nucleus 
are as follows:

 ■ They have a constant density, independent of size.
 ■ Latent heat of vaporisation in a droplet would correspond to 

constant binding energy per nucleon (which is roughly true for 
larger, higher-mass nuclei).

 ■ Evaporation of liquid would correspond to the radioactive 
properties of a nucleus.

 ■ Thermal vibrations of the molecules within a droplet would 
correspond to the energies of the nucleus.

 ■ Condensation of drops would correspond to the formation of 
compound nuclei and the absorption of bombarding particles.

There is a lot more to this model than we have space for here, 
but it is worth pointing out that it has had success in calculating 
atomic masses and binding energies, and in explaining nuclear 
fission. 

Answer to question posed in Mathskit (pp. 20–21)
Resistance of upper branch:

R1 = 1000 Ω = 1 × 103 Ω
1
R1

 = 
1

1000 Ω = 
1

1 × 103 Ω

     = 0.001 Ω–1 = 1 × 10–3 Ω–1

The lower branch has two resistors in series. Its total resistance is:

R2  = 1000 Ω + 10 000 Ω 
= 11 000 Ω = 1.1 × 104 Ω

1
R2

 = 
1

11 000 Ω =  
1

1.1 × 104 Ω

      = 0.0000909 Ω–1 = 9.09 × 10–5 Ω–1

1
RT

 = 
1
R1

 + 
1
R2

 

      = 0.0010909 Ω–1 = 1.0909 × 10–3 Ω–1

RT = 
1

0.0010909 Ω–1 = 
1

1.0909 × 10–3 Ω–1

= 917 Ω 

Notice that the total resistance is less than the resistance of either 
of the branches.

We have shown the calculations using scientific power-of-ten 
notation as well as decimals, and have rounded the final answer to 
3sf. It is better practice to work in standard form if you can because it 
reduces the chance for confusion or error.

Peter Wade-Wright is a former physics teacher.

Good ‘seeing’ is hard to come by
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Moons

Table 1 Moons in the Solar System

Planet

Date 
when first 
moon(s) 

discovered

Number 
of known 
moons in 

2019

Mercury – 0

Venus – 0

Earth Prehistoric 1

Mars 1877 2

Jupiter 1610 79

Saturn 1789 82

Uranus 1851 27

Neptune 1846 14

In October 2019 the Carnegie Institute for Science in the USA 
announced the discovery of 20 small moons orbiting Saturn, 
each about 3 miles across. They were discovered using the 

Subaru telescope at the Mauna Kea mountain-top site in Hawaii. 
Astronomer Scott Sheppard and colleagues analysed images 
taken over several years and found faint dots of light orbiting 
Saturn. To see a time-lapse image, go to:

www.tinyurl.com/Saturn-timelapse
Saturn is now known to have 82 moons, more than any 

other Solar-System planet (Table 1). Studies of even the best-
known moons (Figure 1) continue to yield new discoveries. 
For example, in 2014 detailed gravitational measurements of 
Saturn’s moon Enceldaus revealed an ocean of liquid water 
beneath its icy exterior (Figure 2). 

The first moons of a planet other than Earth were found in 
1610, when Italian astronomer Galileo (1564–1642) used the 
newly invented telescope to study Jupiter and found the four 
moons now known as the Galilean satellites. On pages 6–10 of 
this issue of PHYSICS REVIEW you can learn how observations of 
those moons can be used to determine Jupiter’s mass. You can 

also find out how the faulty launch of two artificial satellites 
provided an opportunity to measure how gravity affects 
time, as predicted by Einstein’s theory of general relativity 
(pp.  12–15). The Crossword notes on pages 29–32 discuss the 
atmospheric conditions known as ‘seeing’, which affects the 
quality of images produced by optical telescopes. The ‘seeing’ 
at the Mauna Kea observatory, where Saturn’s latest moons were 
discovered, is exceptionally good. 

Figure 1 Selected moons of the Solar 
System, with Earth for scale

Figure 2 Possible  
interior of Enceladus,  
based on gravity measurements by  
NASA’s Cassini spacecraft and Deep Space network

PhysRev_V29_4_CC_Print.indd   2 20/02/2020   17:03




