
 13 Relativity

ESSENTIAL IDEAS
■ Einstein’s study of electromagnetism revealed inconsistencies between the theories of 

Maxwell and Newton’s mechanics; he recognised that these theories could not both be 
correct. Einstein chose to trust Maxwell’s theory of electromagnetism but, if Maxwell 
was right, Einstein saw that this forced extraordinary changes to long-cherished ideas 
about space and time in mechanics.

■ Observers in relative uniform motion disagree on the numerical values of space and 
time coordinates for events, but agree with the numerical value of the speed of light in 
a vacuum. Lorentz transformation equations relate the values in one reference frame to 
those in another. These equations replace the Galilean transformation equations that fail 
for speeds close to that of light.

■ Spacetime diagrams are a very clear and illustrative way of showing graphically how 
different observers in relative motion to each other have measurements that differ  
from each other.

■ Energy must be conserved under all circumstances, and so must momentum. The 
relativity of space and time requires new definitions for energy and momentum in order 
to preserve the conserved nature of these laws under relativistic transformations.

■ General relativity is a framework of ideas, applied to bring together fundamental 
concepts of mass, space and time in order to describe the fate of the universe.

13.1 (A1: Core) The beginning of relativity – Einstein’s 
study of electromagnetism revealed inconsistencies between the theories of Maxwell 
and Newton’s mechanics; he recognised that these theories could not both be correct. 
Einstein chose to trust Maxwell’s theory of electromagnetism but, if Maxwell was right, 
Einstein saw that this forced extraordinary changes to long-cherished ideas about space 
and time in mechanics

In order to understand the remarkable steps that Einstein took at the start of the twentieth 
century it is important to appreciate the scientific context in which these steps were taken. 
Newtonian mechanics had reigned supreme because of the success of Newton’s theory in 
accurately describing motion in the universe. To appreciate how Einstein overturned the 
Newtonian paradigm, we need to be clear about some of the principles in Newton’s model of the 
universe.

■■ Reference frames
You probably solved many problems in Chapter 2 in which you considered a stationary reference 
frame and measured or calculated the displacement, velocity and acceleration of different objects 
relative to a stationary point.

A reference frame is simply a coordinate system that allows a specific value of time and 
position to be assigned to an event.

An event is an instantaneous incident 
that occurs at a specific point in space.

Examples of events are a flash of light, the 
moment when two objects collide and the high 
point of an object in parabolic flight.

Reference frames are often represented by a 
set of axes, usually given the label ‘S’, as shown 
in Figure 13.1.

To define a reference frame we must specify 
the origin, the directions of the x and y axes, and 

■■ Figure 13.1 
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2 13 Relativity

the event from which time is started. In the example in Figure 13.1 the obvious reference frame 
is that of the Earth. However, we could also consider the rocket’s reference frame, in which the 
rocket is stationary and it is the Earth that is seen to move.

The success of Newtonian mechanics is that it allows the accurate calculation of properties 
such as displacement, velocity, acceleration and time using the equations of motion.

Worked example

1 For the three events shown in Figure 13.1, calculate the x, y and t coordinates of a rocket in freefall with 
an initial vertical velocity of 400 m s−1 and a horizontal velocity of 100 m s−1.

Event 1: This is the event that defines the origin and also the zero point of time – so x = 0 m, y = 0 m 
and t = 0 s, i.e. the coordinates are (0.0 m, 0.0 m, 0.0 s).

Event 2: This is the event defined by the rocket reaching its maximum height. We use the equations 
of motion to first work out x, y and t as follows:

v2 = u2 + 2as

because v = 0 at maximum height:

s = 
−u2

2a

s = 
−(4002)

2 × (−9.81)
s = 8.2 × 103 m

This gives us the height, so y = 8.2 × 103 m. For simplicity we will carry forward this value, although it 
will give a small rounding error. Next calculate the time to reach this point:

s = 
u + v

2
 t

t = 
2s
u

  = 
2 × 8.2 × 103

400
  = 41 s

Since there is no horizontal acceleration it is straightforward to calculate the horizontal position, x:

s = ut

   = 100 × 41

   = 4100 m

Hence the (x, y, t) coordinates of Event 2 are (4100 m, 8200 m, 41 s).

Event 3: This event occurs when the centre of mass of the rocket is the same height as it was originally.  
The symmetry of parabolic motion means that it occurs at (8200 m, 0 m, 82 s).

1 A car is caught by a speed camera travelling at 35.0 m s−1. If the speed camera photograph is taken at 
point (0.00 m, 0.0 s) what are the coordinates of the car 23.0 s later?

2 A naughty child throws a tomato out of a car at a stationary pedestrian the car has just passed. The car is 
travelling at 16 m s−1 and the child throws the tomato towards the pedestrian so that it leaves the car with 
a speed of 4 m s−1. Explain why the tomato will not hit the pedestrian.

■■ Different reference frames
An observer is a theoretical individual who takes measurements from only one specific reference 
frame. An observer is always stationary relative to their own reference frame and so is sometimes 
called a rest observer.

Have you ever walked up a train as it moves along and wondered what your speed is? If you 
happen to bang your head twice on bags that stick out too far from the luggage rack as you walk, 
what are the coordinates of these two head-banging events? The answer to this depends on the 
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 13.1 (A1: Core) The beginning of relativity  3

reference frame that an observer is taking the measurements from. Here there are three obvious 
reference frames given by three different observers:
1 An observer taking measurements sitting on the platform as the train moves past.
2 An observer taking measurements sitting on a seat in the train.
3 An observer walking up the train at the same velocity as you.

According to Newton each of these three observers will disagree as to how fast you are moving 
and also disagree as to your position when you bang your head. However, they will all agree on 
the time between the two events occurring and the distance you have moved up the carriage 
between the two events.

■■ Newton’s postulates concerning time and space
Newton’s description of the universe had many assumptions. Critical for understanding relativity 
is realising that according to Newton two things must be true:
1 The universality of time: all observers agree on the time interval between two events.  

In particular they must all agree on whether two events are simultaneous or not.
2 The universality of distance: all observers agree on the distance between two simultaneous 

events.

Simultaneous means that the events 
occur at the same time, i.e. the time 
interval between the two events is zero.

What do these postulates mean? 
To understand this better, imagine a 
universe with a tiny clock placed in the 
centre of every cubic metre, as shown 
in Figure 13.2. The first postulate 
implies that every clock would always 
be reading the same time and ticking 
at exactly the same rate. Any observer 
moving through the universe carrying 
a clock would find that their clock also 
reads the same time as the background 
clocks and must tick at the same rate. 
If an observer also carries a metre 
rule with them as they moved around, 
they would find that it always exactly 
matched the distance between two 
adjacent clocks.

■■ Galilean transformations
Whenever we transfer from one reference frame or coordinate system to another, we need to 
do what is called a transformation by applying standard equations. This becomes important 
when we delve deeper into relativity, so it is worth ensuring that you understand it for Newton’s 
simpler version of the universe.

Galilean transformation equations relate an object’s displacement, x, at time t and with 
velocity u as measured by one observer, to those measured by a second observer travelling with a 
constant velocity, v, relative to the first observer. The second observer will measure the object’s 
displacement as x′ and velocity u′ at time t:

x′ = x – vt

u′ = u − v

These equations are given in the Physics data booklet.
We use the Galilean transformation equations to allow us to transfer our measurements from 

one reference frame to another within Newton’s model of the universe.
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■■ Figure 13.2 A cubic matrix of clocks spreading out 

regularly throughout space and all reading exactly the 

same time

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



4 13 Relativity

Let us look at two reference frames, S and S′, that are 
moving at constant velocity, v, relative to each other.  
At time t = 0 s, the origins of the two reference frames 
coincide, so observers in each reference frame agree on the 
position and time of an event at (0 m, 0 m, 0 s). Figure 13.3 
shows this diagrammatically in the top part, by showing the 
two reference frames on top of each other.

In the bottom part of Figure 13.3 the position of the 
rocket in space is the same but the positions of the axes, and 
therefore the reference frames, are different. In reference 
frame S (solid black lines) the rocket is seen to move forwards 
while the observer S′ is seen to move forwards even faster; in 
reference frame S′ (dashed blue lines) the rocket is seen to 
move backwards while the observer S moves backwards even 
faster. If you find this confusing try drawing the two reference 
frames separately so that they are not on top of each other.

■■ Figure 13.3 

Reference frames S 

and S′ at time t = 0 

and time t; according 

to an observer in S 

the rocket is moving 

forwards, while 

an observer in S’ 

(the dashed blue 

reference frame) sees 

it going backwards

Worked example

2 In deep space, rocket A leaves a space station with a constant velocity of 300 m s−1. At the same time 
rocket B travels in the same direction with a constant velocity of 200 m s−1.
a What is the distance between rocket A and the space station after one hour?
b According to an observer in rocket B, what is the distance to rocket A after one hour?
c In rocket B’s reference frame, how fast would an observer measure the speed of rocket A?

a  x = ut, where t = 1 × 60 × 60 = 3600 s

     = 300 × 3600

     = 1.08 × 106 m

b x’ = x – vt

     = 1.08 × 106 m – (200 × 3600)

     = 3.6 × 105 m

c u’ = u – v

     = 300 – 200

     = 100 m s−1

Assume that the Newtonian model of the universe is correct and use Galilean transformations to answer the 
following questions. (Note that the answers to some of these questions will contradict the rules of relativity  
that are introduced in the next section.)

3 In Worked example 2 the rockets travel in the same direction. Use the Galilean transformation equations 
to calculate the answers to (b) and (c) if the rockets fly off in opposite directions.

4 A rocket travelling at one-tenth of the speed of light away from Earth shines a laser beam forwards into 
space.
a How fast does an observer inside the rocket measure the light beam photons to be travelling?
b How fast does an observer floating stationary, relative to the Earth, measure the light beam photons to 

be travelling?

5 Two rockets travelling towards each other are measured by an observer on Earth to each be moving 
with a speed of 0.6c. How fast does an observer in one rocket think that the other rocket is travelling?

6 If you were in an incredibly fast spaceship that was travelling past a space station at 0.35c and you 
accelerated a proton inside the ship so that it was travelling forwards through the ship at 0.95c, what 
speed would an observer in the space station measure the proton to be travelling?
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 13.1 (A1: Core) The beginning of relativity  5

■■ Maxwell’s equations
James Clerk Maxwell was a Scottish physicist who is regarded by many as ranking with Newton 
and Einstein as one of the three greatest physicists of all time. His remarkable work is less well 
known though, possibly due to its mathematical complexity. Maxwell’s outstanding achievement 
was to link the concepts of electricity, magnetism and optics.

Maxwell brought together four equations that describe how the electrical fields and magnetic 
fields in a region of space depend on the density of the electrical charge and a property called 
the current density. They do this by specifying how the fields spread out and how much they curl 
around. You are not required to have an in-depth understanding of Maxwell’s equations or to 
describe them, but it might be useful to briefly state what each one tells us.
■ Equation 1: Maxwell’s first equation describes how the electrical field varies around a single 

charge. It describes the repulsion and attraction between like and unlike charges and also 
states that electrical field lines start on positive charges and finish on negative charges. This 
is because electric charges are monopoles, meaning that they are either positive or negative.

■ Equation 2: States that magnetic field lines tend to wrap around things to form closed loops. 
This is because magnetic poles are always found in north–south pairs and so unlike electric 
charges are never monopoles.

■ Equation 3: States that a changing magnetic field will give rise to an encircling electrical 
field. This is a big step forward because it means that there are two ways that electrical fields 
are produced – an electrical charge or a changing magnetic field.

■ Equation 4: States that a changing electrical field will give rise to an encircling magnetic 
field. This means that a magnetic field can arise not only from a current but also from a 
changing electrical field.

Maxwell’s equations therefore describe a situation in which a changing magnetic field induces 
an encircling electrical field. The electrical field is also changing so this induces an encircling 
magnetic field. This new magnetic field is also changing and so the induction goes backward 
and forward between the electrical and magnetic fields as an oscillation. How strongly they do 
this is linked to two properties of matter called the electrical permittivity, ε, and the magnetic 
permeability, μ, which describe how much charge or current is required to produce a given 
electrical or magnetic field.

■■ Maxwell and the constancy of the speed of light paradox
Using Maxwell’s equations it is possible to derive the speed with which an electromagnetic 
oscillation propagates in a vacuum using the constants ε0, the permittivity of free space, and μ 0, 
the permeability of free space. Maxwell’s equations give the value for the speed of propagation of 
the electromagnetic oscillation in a vacuum as:

v = 
1

ε0 μ0

v = 1
8.85 × 10−12 × 4π × 10−7

v = 3.00 × 108 m s−1

As you can see, this is the same as the experimental value for the speed of light in a vacuum. 
The problem is that Maxwell’s equations do not give a value that depends on the speed of 
either the source of the electromagnetic wave or on the speed of the observer – the speed of 
light, under Maxwell’s equations, has to be a constant fixed speed. This is counterintuitive 
with our experience of moving objects so, before Einstein’s work, the solution had usually been 
to assume that electromagnetic waves travelled through a medium called the ether (or aether) 
and that something needed to be added to Maxwell’s equations to account for the speed of the 
source and the observer.

This would mean that the ether was, by definition, a stationary aspect of the universe from 
which all observers could calculate their speed by measuring the speed of light. It is comparable 
to the matrix of clocks suggested in Figure 13.2.
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6 13 Relativity

In contrast, Einstein decided that the elegant simplicity of Maxwell’s equations was 
fundamentally correct and that the speed of light in a vacuum was invariant (cannot change).  
In other words, all observers must always measure the speed of light in a vacuum to be the 
constant value, c, regardless of the observer’s own motion.

Nature of Science Paradigm shift

Einstein’s solution was a fundamental shift in our way of thinking about the universe. It was 
triggered by the apparently simple decision to doubt what appeared to be common sense and to 
believe in the absolute predictions made by the mathematical model. This decision then led to 
the theory of relativity.

There was other evidence that not everything was right in the Newtonian model. One 
example was an attempt to measure the speed of the Earth through the ether using an 
experiment that is now known as the Michelson–Morley experiment. Its null result – that the 
Earth was not moving through the ether – caused considerable consternation among both 
theoretical and experimental physicists.

There have been many paradigm shifts in the development of modern physics: Newton’s 
laws, the use of statistical theory in thermodynamics, the idea that the Earth orbits the Sun. 
The development of our understanding of atoms has gone through many such shifts – can you 
describe at least four of them?

■■ Understanding the forces on a charge or a current
Hendrik Lorentz was a Dutch Nobel laureate who was instrumental in providing the framework 
that Einstein built on to produce special relativity. In particular, Lorentz studied how electrical and 
magnetic fields would be perceived in different reference frames. Let us look at several different 
situations and consider the forces that occur and how they are seen to be generated. You will need a 
sound understanding of the sections in Chapter 5 that explain the forces on charges moving across 
magnetic fields and to realize that magnetic forces and electrical forces do not act on each other.

A positive charge moving in a static uniform magnetic field
Let us imagine two observers: one in the laboratory’s frame of reference and one in the electron’s 
frame of reference. Each observer can measure both magnetic field strength and electrical field 
strength.

First we will analyze the physics according to the laboratory observer. Before the electron 
arrives, the observer in the laboratory reference frame measures the static magnetic field 
produced in the laboratory (but no electrical field because the laboratory is electrically neutral, 
having an equal number of positive and negative charges). When the electron passes into the 
magnetic field, this observer will detect a changing electrical field caused by the electron, and 
a changing magnetic field caused by the changing electrical field (as described by Maxwell’s 
equations). As the electrical field caused by the electron is not interacting with any other 
electrical field, the laboratory-based observer must assume that it is not involved in the electron’s 

deflection. They must deduce that the force on the 
electron must be solely due to the interaction between 
the two magnetic fields.

However, in the electron’s reference frame the rest 
observer is stationary with respect to the electron. This 
means that before the laboratory and the magnetic field 
arrive, this observer will only detect an electrical field 
and will be unable to detect a magnetic field, as shown 
in Figure 13.4. When the laboratory arrives (remember 
we are now in the electron’s reference frame) the 
electron experiences just the same force but, according 
to this observer, the force must be purely electrical and is 
due to an electrical field being produced by the moving 
magnetic field. Similarly, the observer’s magnetic probe 

■■ Figure 13.4  

An electron, 

measured by an 

observer who is 

stationary relative to 

the electron, will only 

have an electrical 

field around it; there 

will be no magnetic 

field
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 13.1 (A1: Core) The beginning of relativity  7

ToK Link
When scientists claim that a new direction in thinking requires a paradigm shift in how we 
observe the universe, how do we ensure their claims are valid?
When any new scientific theory is proposed it is normally presented to the scientific community by 
publication in a peer-reviewed journal, which provides the first vetting for any new scientific claim. Once a 
claim is published, other scientists can gain renown in a number of ways: discrediting the new claim through 
contradictory experimental results or by undermining the theory, or supporting the claim with corroborating 
experimental evidence and by developing the theoretical argument and the predictions made by the new claim.

To require a ‘paradigm shift’ means there is something seriously incomplete or wrong with the current 
theory. So, there should be significant experimental or observational data that is unexplained by the former 
theory. Of course, for general relativity, the data in support of the theory was minimal at first but it was 
convincing in the clarity of its predictions.

also detects the arrival of the magnetic field but the observer will be forced 
to assume that, because there is only one magnetic field, the force on the 
electron is not a magnetic interaction.

In all other reference frames a combination of electrical and 
magnetic fields will combine to produce the force on the electron.  
In each case the size of the total force is the same, showing us that the 
electrical and magnetic forces are really just different aspects of the 
same thing.

Two electrons moving with identical parallel velocities 
relative to a laboratory
In the electrons’ reference frame an observer would measure both 
electrons to be stationary, so the only interaction that occurs between 
them is due to the electrical force FC. This is purely repulsive and can 
be calculated from Coulomb’s law. This is shown in the top diagram  
in Figure 13.5.

However, in the laboratory the electrons are both moving and so they 
each generate a magnetic field. If we look at the forces acting on one of 
the electrons due to the magnetic field around the other electron, we see 
that the magnetic field attracts the electrons together.

This means that an observer in the laboratory will record the electrical 
force to be just as strong as before but will also record an attractive 
magnetic force between the two electrons, so the total force will now be 
smaller than it was in the electrons’ frame of reference.

This means that the total force experienced by the electrons depends 
on the relative velocity of the frame of reference that is being measured. 
Lorentz calculated the transformation that makes it possible to easily 
calculate how this force varies from one reference frame to another using 
the Lorentz factor, γ. Based on Lorentz’s work, Einstein published his 1905 
paper on what we now know as ‘special relativity’.

7 What are the values and units of the constants ε0, the permittivity of free space, and μ0, the permeability 
of free space?

8 Explain why two long parallel copper wires, held 1 m apart in a vacuum and each carrying a current 
of exactly 1 A, will experience an attractive force of 4π × 10−7 N on each metre of the wire in both the 
reference frame of the conducting electrons and in the reference frame of the lattice ions.

■■ Figure 13.5 A comparison of two 

reference frames for two electrons moving 

in parallel. In reference frame S the electrons 

only experience the repulsive electrical 

force, FC. While according to an observer in 

reference frame S’, the electrons experience 

both a repulsive electrical force, FC, and a 

weaker attractive magnetic force, FB
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8 13 Relativity

13.2 (A2: Core) Lorentz transformations – observers in 
relative uniform motion disagree on the numerical values of space and time coordinates 
for events, but agree with the numerical value of the speed of light in a vacuum; 
Lorentz transformation equations relate the values in one reference frame to those in 
another; these equations replace the Galilean transformation equations that fail for 
speeds close to that of light

Einstein was unhappy with the need to create a unique fundamental reference frame in which 
an observer will measure the speed of light in a vacuum to be c in all directions. This reference 
frame would in effect define what was meant by absolutely stationary, and all other reference 
frames could then have absolute velocities that could be measured from it. Guided by Maxwell’s 
equations he did the opposite – instead of trying to tie down an absolute zero speed, he tied 
down the maximum speed of the universe.

Unfortunately for Einstein he could only initially get relativistic physics to work in special 
cases, hence the name special relativity. The limiting factor was that special relativity only 
works in inertial reference frames.

An inertial reference frame is one that is neither accelerating nor experiencing a 
gravitational field. In other words, a reference frame in which Newton’s first law of motion 
is true, so that any object that does not experience an unbalanced force travels in a straight 
line at constant speed.

To test to see if a reference frame is inertial, carry out a thought experiment and imagine yourself 
travelling in the reference frame inside a closed box with no means of looking outside of the box. If 
it is inertial you should be weightless – an apple that is held stationary should remain stationary and 
a ball that is thrown within the box should travel in a straight line at constant speed across the box.

To work out whether a reference frame is inertial or not, you need to check to see if the 
reference frame is experiencing any unbalanced external forces or is in a graviational field.

CERN’s Large Hadron Collider
CERN (Conseil Européen pour la Recherche Nucléaire, or in English the European 
Organization for Nuclear Research) is the largest international collaboration of physicists. It is 
famous as the location where the Higgs Boson was found in July 2012, but is also celebrated as 
the birthplace of the worldwide web.

CERN’s LHC particle accelerator accelerates packets 
of protons in opposite directions around the 27-km 
circumference main ring. The protons are travelling 
very close to the speed of light and so have enormous 
kinetic energies and momenta.

There are many different types of magnet around the 
ring, but 60% of the total magnetic energy is used by 
the superconducting main dipoles – sections of tubing 
14.3 m long, that use a current of 11 850 A to produce 
a vertical 8.33 T field to bend the proton beam into a 
circle. Test magnets at CERN reached field strengths of 
13.5 T in November 2013.

1  The field across each of the ultra-high vacuum beam 
tubes is shown in Figure 13.6. Describe the forces 
acting on the proton in a proton cluster passing along 
one of the beam tubes according to:

a  an observer in the proton packet’s rest reference frame

b the Earth frame of reference

Utilizations

■■ Figure 13.6 Magnetic field pattern of one of CERN’s main 

dipoles in use
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 13.2 (A2: Core) Lorentz transformations  9

Nature of Science Pure science

Pure science is the study of the facts and rules that describe how the universe works. Pure 
science contrasts with applied science, which looks at how the laws of science can be applied to 
solve real-world problems and create real-world applications.

Einstein’s work on relativity is a remarkable piece of theoretical pure science – it has been 
shown to correctly describe the universe at high speeds and energies but also at cosmological 
scales. It predicts the existence of black holes and gravity waves. However, to non-scientists, 
and to the politicians responsible for deciding research funding, what use is a pure science 
like relativity? The answer is often that the spin-offs of fundamental pure science research are 
unlikely to be predictable. Relativity has resulted in discoveries in other areas such as:
■ the expanding universe model and the Big Bang
■ atomic and nuclear energy
■ aspects of quantum physics
■ corrections to GPS satellites

Even so, this is unlikely to reassure everyone. Some politicians may be more impressed by US 
patent 5280864, which describes a machine for reducing the mass of an object using relativity.

■■ The two postulates of special relativity

First postulate: the laws of physics are identical in all inertial reference frames.

The first postulate does not initially appear to be profound. It could, however, be restated as:
■ the stationary observers in different inertial reference frames have equal validity, so no 

reference frame is more special or unique than any other reference frame
■ therefore the universe can have no unique stationary reference frame
■ no experiment is possible to show an observer’s absolute speed through the universe.

Second postulate: the speed of light in a vacuum is a constant, c = 3.00 × 108 m s−1, in all 
inertial reference frames.

The second postulate supports the evidence of Maxwell’s equations but does not appear to make 
sense with our experience from everyday speeds. It implies that if a rocket in deep space passes a 
space station at one tenth of the speed of light, and fires a laser beam forwards as it does so, then 
both an observer in the rocket and an observer on the space station must measure the speed of 
light to be c, even though they are moving relative to each other. For this to be the case space 
and time must behave in profoundly different ways from how we have learnt to expect from our 
real-world experiences – space and time are not in fact like we naively think they are.

■■ Implications of the two postulates
The first implication is that time cannot be invariant in a relativistic universe. Our earlier 
model of the matrix of clocks is wrong (Figure 13.2). Not only do the clocks read different times 
and tick at different rates but, for any pair of events, different clocks can record different time 
intervals. In other words, the time interval between two events does not have to be the same for 
different observers taking measurements from different inertial reference frames.

9 Which of the following can be thought of as truly inertial reference frames, almost inertial reference 
frames (objects measured over a small distance appear to be travelling at constant velocity) or clearly not 
inertial reference frames (unbalanced forces or gravity are clearly present):
a A rocket stationary in empty space so that it is a long way from any gravitational fields.
b A rocket travelling through empty space in a straight line with constant speed.
c A GPS communication satellite in orbit around the Earth.
d A space probe hovering just above the plasma surface of the Sun.
e A proton travelling close to the speed of light through a straight section of tubing in the CERN particle 

accelerator in Geneva.
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10 13 Relativity

There are two reasons for this:
■ The first is that information about an event can only travel through the universe at the speed of 

light; when you think that the event happened depends on where you are relative to the event.
■ The second is because time itself becomes distorted by movement – in effect, the faster an 

observer is moving, the slower time passes.

The second implication is that space is also not invariant – the distances between any matrix 
of points is not the same for all inertial reference frames and depends on relative motion. The 
perceived symmetry of relativity can make this point difficult to understand, so we will discuss 
this in more detail later. Let us first discuss how we measure time.

■■ Clock synchronisation
Imagine you and your friends decide to play a prank on your physics teacher just before the 
lesson starts by telling them that the headteacher needs to see them urgently. To make matters 
more interesting, you all have a sweepstake to guess how long into the lesson it will take before 
the teacher, fuming nicely, returns. To make it fair, everyone has a stopwatch to measure the 
time. Obviously you all have to synchronise stopwatches – how do you do that?

The answer is fairly simple. You need a single event, like a gun going off at the start of a 
race, so that everyone starts their stopwatch as soon as they hear the gun go off. The problem is 
that it takes time for the signal to travel; so what do we do if we want to be incredibly accurate, 
or if we are trying to synchronise watches that are a long way apart? The solution is shown in 
Figure 13.7.

■■ Figure 13.8 An observer who sees the stopwatches moving sideways will see one moving towards 

the flash and the other moving away from the flash since light is also travelling at c according to this 

observer. The light takes time to travel outwards from the flash and, in this time, one stopwatch is 

further from the source of the flash than the other and so the clocks cannot be synchronised

For an observer who is stationary with respect to the stopwatches, the two must now read 
the same time and are therefore synchronised. However, this is not true for an observer 
who is moving with respect to the stopwatches, along the straight line that joins them, as 
can be seen in Figure 13.8. This observer, who is moving to the left with speed v relative to 
the clocks, can prove that, in their reference frame, the light cannot reach the stopwatches 
simultaneously, that the two in their reference frame physically cannot be synchronised, and 
that the stopwatch on the left will always read a later time than the one on the right.

■■ Figure 13.7 Two stopwatches that are some distance apart can be synchronised by a flash of 

light that is fired exactly in the middle of them, so that the light takes the same amount of time 

to reach each stopwatch; the stopwatches start as soon as they detect the light signal
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■■ Simultaneous events
How is it possible for a clock to read different times to different observers? This is not just a trick 
of mathematics but a fundamental aspect of Einstein’s relativistic physics. It means that two events 
that occur some distance apart will appear simultaneous to some observers but not to others.

Imagine a very long train carriage with a mirror at each end. An observer stands exactly 
in the middle of the carriage and produces a single flash of light (Event 0 in Figure 13.9) that 
simultaneously sends out light in each direction. These light pulses reflect off the mirrors at the 
ends of the carriage (Events 1 and 2) and return to the observer in the middle of the carriage 
(Event 3). A second observer witnesses the experiment from the platform as the train travels 
past, very fast but at constant velocity.

Correcting GPS satellites
One of the applications of relativity is the correction of GPS satellites. GPS satellites require 
the use of atomic clocks to send out very precise time signals that allow the position of the GPS 
receiver to be measured. The orbit speed of GPS satellites clocks is high enough to result in an 
error that needs to be corrected for. There is also a correction factor due to the gravitational 
field and so this application is discussed in much more detail in Section 13.5.

Utilizations

■■ Figure 13.9 Comparison of how two observers in different inertial reference frames record the time 

of different events. Events 0 and 3 are each a pair of simultaneous events that occur in the same place, 

so all observers must agree that they are simultaneous. Events 1 and 2 occur in different places so they 

are fundamentally simultaneous for one observer but fundamentally cannot be simultaneous for the 

other observer

Observer S sees:
■ The pulses are sent out simultaneously (Event 0).
■  The pulses reach each the end of the carriage simultaneously (Events 1 and 2).
■ The pulses return to observer S simultaneously (Event 3).

Observer S′ sees:
■ The pulses are sent out simultaneously (Event 0).
■  The pulse that travels down the carriage against the motion of the carriage must arrive at the 

end of the carriage (Event 1) before the pulse that travels up the carriage (Event 2) because it 
must have travelled a shorter distance.

■  However, S′ still sees the pulses return to observer S simultaneously because the reverse effect 
is true for the reflected rays (Event 3).

Event 3

Event 3

Event 2

Event 1

Event 0

ν

ν

ν

ν

Events 1
and 2

Event 0

S S’
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12 13 Relativity

A light clock is sometimes used as a way of 
comparing observations that are made by 
observers in two different inertial reference 
frames. A light clock is a very simple device 
that reflects a light beam between two 
parallel mirrors separated by a fixed distance, 
d. The speed of light in a vacuum is constant 
for all observers but the path length taken 
by the light varies. See Figure 13.10.

10 One of the diagrams in Figure 13.11 
shows the path of the light beam as 
seen by the physicist on the rocket 
(Rachel), while the other is seen by 
the physicist hiding in the gas cloud 
(Gavin), who sees the rocket moving to 
the right with speed v. Which is which?

11 According to Gavin the time that the 
light pulse takes to travel from M1 to 
M2 is Δt. Therefore, how far does the 
rocket move sideways in this time?

12 Use a Galilean transformation to work out the speed of the light beam according to Gavin.

13 Using Newtonian physics, how far does the light beam have to travel when reflecting between 
M1 and M2, according to Gavin? 

14 Gavin sees the rocket moving sideways with speed v. In terms of c and Δt, how far has the light beam 
travelled from M1 to M2 according to Gavin.

15 According to Rachel in the rocket, the time taken to travel from M1 to M2 is Δt′. Utilizing Pythagoras, use your 
understanding of the postulates of Newtonian physics to derive an expression for Δt in terms of Δt′, v and c.

16 Explain in terms of the constancy of the speed of light why the two observers must disagree about the 
time it takes for the light beam to travel between M1 and M2

All inertial observers must agree that simultaneous events that occur at the same point in space 
are definitely simultaneous. However, they must disagree about the order of events that occur in 
different places if they are moving at varying speeds along the line of the two events.

Fundamentally, therefore, the two observers disagree about the order that events must 
occur in. This means that our understanding of what time is has been incorrect. Time is not 
something that is intrinsically there in the universe. Instead it is something that is formed by 
events and something that must vary depending on both an observer’s position and motion 
relative to the events. This is why relativity talks about spacetime – the fabric of the universe. 
We can still take measurements of what we think of as ‘time’ but what we are actually doing is 
taking a measurement of spacetime, and this intrinsically means we are taking a measurement 
that combines elements of both time and space.

So if time is not a fixed, unvarying quantity in a relativistic universe, what quantities can we 
rely on?

■■ Invariant quantities 
Einstein soon realised that some quantities are still invariant; they do not change as a result 
of relative motion and position. These quantities become very important when calculating the 
changes that do occur, and we need to be absolutely clear that we can identify these before we 
can solve harder problems in special relativity. The first invariant quantity we have already 

d d

ν

ν

M2

M1

M2

M1

■■ Figure 13.11

νd
M2

M1

■■ Figure 13.10
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 13.2 (A2: Core) Lorentz transformations  13

stated is the speed of light in a vacuum. We will introduce four more now and further invariant 
quantities later.

Spacetime interval, Δs2

In Newton’s universe, time and space are both invariant – they have fixed intervals (seconds, 
metres etc.) that do not vary throughout either space or time. This means that we can measure 
space and time independently. In relativity, space and time are intrinsically linked into a single 
concept called spacetime. The interval between two events across spacetime is invariant –
different inertial observers can measure different times between events and different distances 
between events but they must all measure the same interval across spacetime. We call this the 
spacetime interval, Δs2. It is given by the formula:

(Δs)2 = c2(Δt)2 – (Δx)2

This equation is not given in the Physics data booklet.
Note that Δs2 can be positive, zero or negative. Unfortunately two conventions exist and so it 

is sometime written as: (Δs)2 = (Δx)2 – c2(Δt)2.

Rest mass, m0
The rest mass is the mass of an object as measured by an observer who is stationary relative to 
the object.

Proper time interval, Δt0
A proper time interval is defined as the time interval between two events as measured by an 
inertial observer who sees both of the events occur in the same place relative to that observer. 
The reason for this is that the clock can be placed at the exact position of both events without 
needing to be moved, so the measurement of spacetime involves no spatial element.

(Δs)2 = c2(Δt0)
2 – 02

(Δs)2 = c2(Δt0)
2

This equation is not given in the Physics data booklet.

You need to try to imagine yourself in the reference frame of each observer – are the x, y and z coordinates of 
the two events the same? If they are then this observer measures the proper time between the two events.

17 In a laboratory, an electron is accelerated by a potential difference of 100 kV. Its speed is then measured by 
timing how long it takes to pass between two different points measured in the laboratory as being 5.00 m 
apart. Is the observer in the electron’s reference frame or the observer in the laboratory reference frame 
recording proper time?

18 A rod measured in its rest frame to be one metre in length is accelerated to 0.33c. The rod is then timed as 
it passes a fixed point. Is the observer at the fixed point or the observer travelling with the rod measuring 
proper time?

19 The same rod is timed by both observers as it travels between two fixed points in a laboratory. If the 
observers are recording when the front of the rod passes each fixed point, is either observer measuring 
the proper time?

20 In a third experiment the two observers start timing when the front of the rod passes the first point 
and stop timing when the end of the rod passes the second point. Is either observer measuring the 
proper time?

Proper length, L0
Proper length is defined as the distance measured been two points in space as measured by an 
inertial observer who is stationary relative to the two points. Similarly, this means that the 
observer is taking a measurement of just the distance aspect of spacetime because the object 
being measured is always in that position for that observer; there is no measurement of the time 
element of spacetime.

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



14 13 Relativity

(Δs)2 = c202 – (Δx)2

(Δs)2 = –(Δx)2

This equation is not given in the Physics data booklet.
The fact that Δs2 is negative is to do with how Δs2 is defined.

Many students struggle to understand this concept initially. In your head imagine joining the two points where 
the events occur with a piece of string. Now imagine the piece of string from the viewpoint of each observer. 
If the string is stationary for an observer then they are measuring the proper length. Secondly, an observer will 
only measure a proper length to be zero if the two events are both simultaneous and occur in the same place.

21 In a laboratory, a proton is accelerated by a potential difference of 100 kV. Its speed is then measured by 
timing how long it takes to pass between two different points measured in the laboratory as being 5.00 m 
apart. Is an observer in the electron’s reference frame or the observer in the laboratory reference frame 
recording the proper length between the two points?

22 A rod measured in its rest frame to be one metre in length is accelerated to 0.33c. The rod is then timed as 
it passes a fixed point. Is the observer at the fixed point or the observer travelling with the rod measuring 
proper length between the start and finish events?

23 The same rod is timed by both observers as it travels between two fixed points in the laboratory. If the 
observers are recording when the front of the rod passes each fixed point, is either observer measuring 
the proper length for the distance between the start and finish events?

24 In a third experiment the two observers start timing when the front of the rod passes the first point and 
stop timing when the end of the rod passes the second point. Is either observer measuring the proper 
length for the distance between the start and finish events?

Worked examples

3 A single laser pulse is made to trigger two explosion events as it travels through a long vacuum tube. The 
two events are 99 m apart and the time for the light to travel this distance is 3.3 × 10−7 s. What is the 
spacetime interval between the two events?

 (Δs)2 = c2(Δt)2 – (Δx)2

  = (3.0 × 108)2 × (3.3 × 10−7)2 − 992

  = 0.0 m2

The spacetime interval for any two events linked by a photon travelling in a vacuum is always zero. Two 
events linked by an object travelling slower than c will have a positive spacetime interval, while two events 
that are too far apart for a photon to travel between the two events in the time interval between them have 
a negative spacetime interval.

4 What is the spacetime interval for an electron that is fired with a kinetic energy of 10.0 keV across a gap 
of 5.0 m?

 To make this problem easier it is broken down into three stages. First we use conservation of energy 
(kinetic energy = electrical potential energy) to calculate the speed of the electron. The charge on the 
electron, e, and the mass of the electron, me, are given in the Physics data booklet.

 KE = 1
2

 mv2 = qV

 v2 = 2qV
m

 v = 2qV
m

    = 
2 × (1.60 × 10−19) × (10.0 × 103)

9.11 × 10−31  = 5.93 × 107 m s−1

 Next, it is a simple matter to calculate the time interval:

 Δt = Δx
v

      = 5.00
5.93 × 107  = 8.44 × 10−8 s
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An alternative way to do these sorts of calculations is to use transformation equations. The 
invariance of the spacetime interval means that it can be written as:

(Δs′)2 = (Δs)2

c2(Δt′)2 – (Δx′)2 = c2(Δt)2 – (Δx)2

These equations are not given in the Physics data booklet.
If both observers agree to use the same event as the origin of their reference frames then 

Δx = x, and Δt = t, Δx′ = x′, and Δt′ = t′, so the previous equation can also be written:

(ct′)2 – (x′)2 = (ct)2 – (x)2

This equation is given in the Physics data booklet.

■■ The Lorentz factor, γ
Einstein used the mathematics of Lorentz to describe how spacetime must change at different 
relative motions. First meet the Lorentz factor, γ, which allows us to simplify many of the 
equations that are used in special relativity:

γ = 1

1 – v
2 

c2

This equation is given in the Physics data booklet.
If you have a programmable calculator it is worth entering this into the equations because 

it will save time later and allow you to quickly calculate γ for different values of v. In many of 
the problems that you will work through, you will find that the relative velocity, v, is given as a 
proportion of c. This makes the calculations simpler.

The Lorentz factor, γ, is a scaling factor – both a mathematical expression of the theory and 
a convenient way to calculate the magnitude of the changes that have to be made to nominal 
space and time values or intervals, when looking at events from different reference frames (i.e. 
different velocities of an ‘observer’).

So, the size of the Lorentz factor obviously depends on the amount of difference between the 
chosen frame’s velocity and the speed of light, c, but remember that the absolute fastest velocity 
possible is c so the Lorentz factor becomes asymptotically huge as speeds approach c, a fact that 
has fascinating consequences.

 Finally, we can use the equation given earlier to calculate the spacetime interval. It gives a positive 
answer (and note that the units are m2):

 (Δs)2 = c2(Δt)2 – (Δx)2

  = (3.00 × 108)2 × (8.44 × 10−8)2 – 5.002

  = 6.16 × 102 m2

 The fact that the spacetime interval between any two events is constant for all observers allows us to 
calculate how long a time an observer travelling in the electron’s reference frame will record between the 
two events. In this reference frame the electron is stationary and the start and finish lines move towards it 
with the start and finish events occurring at the electron. This means that this observer is recording proper 
time and Δx’ = 0:

 (Δs)2 = c2(Δt’)2 – (Δx’)2

 (Δt’)2 = (Δs)2

c2

 Δt’ = 6.2 × 102

(3.00 × 108)2

 = 8.27 × 10−8 s

 The electron therefore experiences a slightly slower time for these two events than the observer taking 
measurements in the laboratory.

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



16 13 Relativity

Worked examples

5 Calculate the value of γ for a particle travelling at:
a 50% of the speed of light in a vacuum
b 99% of the speed of light in a vacuum.

a γ = 1

1 – v2 

c2

  = 1

    1 – (0.5c)2 

c2

  = 1

√1 – 0.25

  = 1.2

b γ = 1

1 – v2 

c2

  = 1

1 – (0.99c)2 

c2

  = 1

√1 – 0.992

  = 7.1

  Hopefully, you can see from these examples that the value of γ must always be bigger than 1, and that 
it has no units.

6 Calculate the value of v when γ = 1.75.

 It is standard practice to give an answer in terms of c.

 γ = 1

1 – v2 

c2

 γ 2 = 1

1 – v2 

c2

 1 – v
2 

c2
 = 1 

γ 2

 v 

c
 = 1 – 

1
γ 2

     = 1 – 
1

1.752

     = 0.821

 v = 0.821c

25 What is the value of γ for the relative velocities of:
a v = 0.1000 c
b v = 0.75 c
c v = 0.90 c
d v = 0.95 c

26 Sketch a graph of γ against v for velocities from 0 to 0.999 c.

27 What is the value of v that has the following values of γ :
a γ = 1.00
b γ = 1.15
c γ = 2.00
d γ = 4.00
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■■ Lorentz transformations
In Newton’s model of the universe, we used Galilean transformation equations to move from 
one reference frame to another, allowing us to change one coordinate into another. In Einstein’s 
relativistic universe we must instead use the Lorentz transformation equations.

x′ = γ(x – vt)

t′ = γ (t – 
vx
c2)

These two equations are given in the Physics data booklet and are used to transform x coordinates 
and t coordinates where the origins of the two reference frames coincide at t = 0 s. Only the  
x dimension is affected by the transformations, so even more complicated problems can be 
rotated to simplify them.

Alternatively, the equations are also stated for intervals as a measured length, Δx, and a 
measured time, Δt, between two events.

Δx′ = γ(Δx – vΔt)

Δt′ = γ (Δt – 
vΔx
c2 )

These two equations are given in the Physics data booklet.

Worked examples

7 Let’s have another look at the example we looked at in Figure 13.3. At time t = 0 s the two reference 
frames, S and S′, coincide, and we will only consider relative movement in the x-spatial dimension. For 
simplicity only the diagram at time t is considered.

  The light year (ly) is a unit of distance. It is equal 
to the distance travelled by light in a vacuum in  
1 year. That is:

 1 ly = c × 1 y

 Let’s suppose that, according to a rest observer in reference 
frame S, the rocket reaches a point 20 light years away after 
30 years. This gives (x, t) coordinates for the rocket as (20 ly, 
30 y). If we move to a reference frame S′ that is moving at 
0.5 c relative to S, then what are the coordinates of the rocket 
according to S′?

 We have already calculated γ =1.2 for v = 0.5 c.

 x′ = γ(x – vt)

  = 1.2 (20 ly – 0.5c × 30 y)

  = 1.2 (20 ly – 15 ly)

  = 6.0 ly
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18 13 Relativity

 t ′ = γ t – vx
c2

 

  = 1.2 30 y – 0.5c × 20 ly
c2

 

  = 1.2 (30 y – 10 y)

  = 24 y

 Therefore, according to an observer in reference frame S′, the rocket has only travelled 6 ly in 24 years, 
which means that it is travelling at only 0.25 c. This example is straightforward because the units being 
used allow c to be cancelled easily.

8 The distance between two events as seen by one observer is 250 m with the two events occurring 
1.7 × 10−6 s apart, with the event on the left occurring before the event on the right. What is the 
distance and time interval between the two events as measured by a second observer travelling at 0.75c 
to the right according to the first observer?

  γ = 1

1 – v2 

c2

  = 1

√1 – 0.752

  = 1.51

 x′ = γ(x – vt)

  = 1.51 × (250 m – 0.75 × (3.0 × 108 m s−1) × 1.7 × 10−6 s)

  = −200 m

 t ′ = γ t – vx
c2

 

  = 1.51 × 1.7 × 10−6 s – 0.75 × (3.0 × 108 m s−1) × 250 m
(3.0 × 108 m s−1)2

 

  = 1.6 × 10−6 s

 In other words, the order of the events is the same for the second observer but, from this reference 
frame, their spatial positions are almost reversed.

For each of these problems assume one dimensional motion and assume that, in each case, the observers start 
timing when the origins of the two reference frames coincide.

28 Imagine a situation where a rocket passes the Earth at 0.5c. There are two observers – one in the Earth 
frame of reference and the other in the rocket frame of reference.
a What is the value of γ?
b A star explosion event occurs at a point 20 light years from the Earth. The rocket passes the Earth 

heading towards the star. According to the Earth-based observer the rocket passes the Earth 20 years 
before the light arrives. What are the x′ and t ′ coordinates of the explosion event for the observer in the 
rocket’s reference frame?

29 From Earth, the Milky Way galaxy is measured to be 100 000 light years in diameter, so the time taken for 
light to travel from one side of the Milky Way to the other is 100 000 years. What is the diameter of the 
Milky Way for an observer in a distant galaxy moving at a speed of 0.2c away from Earth? Assume that 
they are travelling in the same plane as the measured diameter of the Milky Way.

30 According to Earth-based astronomers a star near the centre of the Milky Way exploded 800 years before 
a star 2000 ly beyond it. How much later is the second explosion according to a rocket travelling towards 
the explosions at 0.2c?

31 In a laboratory an electron is measured to be travelling at 0.9c. According to an observer in the lab at  
t = 9.6 × 10−9 s it is at a position of x = 2.6 m down the length of a vacuum tube. Calculate the value of 
the Lorentz factor and use it to work out the time and position of the electron according to an observer in 
the electron’s reference frame.

32 Two inertial observers are travelling with a relative velocity of 0.8c and both see two events occur. According 
to one observer the events occur 4.2 m apart and with a time interval of 2.4 × 10−8 s between them. According 
to the other observer, what are the spatial (Δx′) and temporal (Δt′) intervals between the two events?
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■■ Demonstrating that events can be simultaneous for one 
observer but not another

Remember that:

If two events are simultaneous and the two events occur in the same place then they must be 
simultaneous for all observers.

This is because the spacetime interval is zero for all observers, and so all observers must agree 
that the two events occur in the same place and, therefore, occur simultaneously.

However,

Two events that occur in different places may be simultaneous to one observer but not  
to another.

To prove this let us look at the Lorentz transformation equations. Let’s suppose that for observer 
S the two events are simultaneous, Δt = 0, but occur a length, L, apart, Δx = L. According to 
a second inertial observer S′ moving at constant velocity, v, parallel to the length, L, the two 
events will occur with a time interval of:

Δt′ = γ (Δt – 
vΔx
c2 )

  = –γ (vL
c2 )

This equation is not given in the Physics data booklet.
Because γ and c are both non-zero, any observer S′ must record a time interval between the 

two events for any non-zero values of v and L, and so the two events cannot be simultaneous for 
the observer.

■■ Velocity addition transformations
One aspect of special relativity that is explained more fully at Higher Level is that it is not 
possible for any known particles to travel faster than the speed of light in a vacuum. In 

Newton’s universe, when two 
particles are travelling towards 
each other at 0.6c, then they 
would each perceive the other 
particle to be approaching them 
at 1.2c (because u′ = u − v). See 
Figure 13.12.

This is not possible in Einstein’s 
spacetime; instead, we must use a 
more complicated transformation 
equation:

u′ = u – v

1 – uv  

c2

This equation is given in the Physics data booklet. As seen from an external reference source, u is 
the velocity of object 1, v is the velocity of object 2, and u′ is the velocity of object 1 as seen by 
an observer who is at rest with object 2. Remember that u′ must always be less than c.

■■ Figure 13.12

1.2c
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Worked examples

9 Two particles are seen from an external reference frame to be travelling towards each other, each with a 
velocity of 0.60 c (Figure 13.13). An observer with one particle measures the velocity of the other particle; 
what do they measure its speed to be?

 u′ = u – v

1 – uv 

c2

  = 0.60c – (–0.6c)

1 – (0.60c × (–0.6c))
c2

  = 1.2c

1 – – 0.36c2

c2
 

  = 1.2
1.36

c

  = 0.88c

It is very easy to miss out the 
negative signs when doing this 
calculation. Remember that u and v 
are both vectors and so can be positive 
or negative depending on their direction.

10 Two rockets are observed from an external 
reference frame to be travelling in the 
same direction – the first is measured to be 
travelling through empty space at 0.75 c, and 
a second rocket is sent after it is measured 
to be travelling at 0.95c (Figure 13.14). How 
fast would an inertial observer travelling with 
the first rocket measure the approach of the 
second rocket to be?

 u′ = u – v

1 – uv 

c2

  = 0.95 c – 0.75 c

1 – (0.95 c × 0.75 c)
c2

  = 0.2 c

1 –  0.71 c2

c2
 

  = 0.2
0.29

 c

  = 0.70 c

0.75c0.75c

0.95c

 ■ Figure 13.14

0.60c

–0.60c

 ■ Figure 13.13

33 A rocket travelling at one-tenth of the speed of light away from Earth shines a laser beam forwards into 
space.
a An observer inside the rocket accurately measures the speed of the light beam photons. What value 

would you expect them to obtain?
b An observer floating stationary, relative to the Earth, also accurately measures the light beam photons. 

What value will they obtain?

34 Two rockets are flying towards each other; each are measured by an observer on Earth to be moving with 
a speed of 0.7c. How fast does an observer in one rocket think that the other rocket is travelling?

35 If you were in an incredibly fast spaceship that was travelling past a space station at 0.35c and you 
accelerated a proton inside the ship so that it was travelling forwards through the ship at 0.95c, relative to 
the ship, what speed would an observer in the space station measure the proton to be travelling?

36 In an alpha-decay experiment the parent nucleus may be considered to be stationary in the laboratory. 
When it decays, the alpha particle travels in one direction with a velocity of 0.7c while the daughter 
nucleus travels in exactly the opposite direction at 0.2c. According to an observer travelling with the 
daughter nucleus, calculate how fast the alpha particle is travelling.
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■■ Time dilation
It may have seemed surprising in Worked example 10 that observers in the two frames of reference 
travelling with the rockets perceive that they are apparently moving towards each other so fast 
(0.70c) when Newtonian mechanics suggests that they should only be moving with a relative 
velocity of 0.20c. The reason is to do with how time is being slowed by their relatively high velocity.

The shortest possible time between two events is measured by the inertial observer who 
measures the proper time interval, Δt0, between those two events. Any other inertial observer 
will measure a longer time interval, Δt′, between the events. This slowing, or stretching, of time 
due to relative motion is called time dilation.

Δt′ = γΔt0

This equation is given in the Physics data booklet.
The derivation is straightforward and depends on the Lorentz transformation for time. 

Remember that for an observer measuring proper time the two events must be seen to occur at 
the same spatial coordinates relative to them, and so Δx = 0.

Δt′ = γ Δt – vΔx
c2

For Δt0 we know that Δx = 0, so:

Δt′ = γΔt0

37 In a beta-decay experiment an electron and an anti-neutrino that are produced happen to travel away in 
exactly the same direction. In the laboratory reference frame the anti-neutrino has a velocity of 0.95c and 
the electron has a velocity of 0.75c. What is the anti-neutrino’s velocity according to an observer travelling 
in the electron’s reference frame?

38 Protons in CERN’s LHC travel in opposite directions around the ring at over 0.9990000c. According to an 
observer travelling with one group of protons, how fast are the approaching protons travelling?

39 Two light beams are travelling in exactly opposite directions. According to a laboratory observer their 
relative velocity is 2c. How fast would an observer travelling in the reference frame of one of the light 
beam’s photons measure the speed of the approaching light beam’s photons to be?

40 In a space race two spaceships pass a mark and are measured by the race officials at the mark to be 
travelling in the same direction and travelling at 0.6c and 0.7c respectively. According to the faster 
spaceship, how fast is the other ship travelling?

The Ives–Stilwell experiment
One of the earliest tests of time dilation was an experiment carried out by Herbert Ives and his 
assistant G. R. Stilwell in an attempt to disprove special relativity. They used a hydrogen 
discharge tube that accelerated H2

+ and H3
+ ions to high speeds. The ion beam glows when free 

electrons are absorbed by the ions producing an emission spectrum. They used a concave 
mirror to produce a reflection of the beam and observed both the original beam and the 
reflected beam through a spectroscope.

The ions are travelling at high speed so the observed spectrum experiences a classical, or 
longitudinal, Doppler shift. The effect of this shift is symmetrical on the reflected beam 
though, so that the blueshift of the original beam is the same size as the redshift of the 
reflected beam. These two spectral lines 
are compared with the unshifted original 
spectral line. Classical theory therefore 
predicts that three lines with equal 
spacing are observed (Figure 13.15)

However, there is also a much smaller 
relativistic transverse Doppler-shift effect 

Additional 
Perspectives

redshifted

–ν/c +ν/c

original blueshifted

■■ Figure 13.15
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■■ Length contraction
We have also seen that when an observer is moving relative to a length then that length will 
appear to be shortened. The longest possible length we called the proper length, L0, and all 
other inertial observers will measure the length, L, between two events to be shorter than this.

L = 
L0
γ

This equation is given in the Physics data booklet.

Derivation
This derivation is less obvious because it requires an understanding of how length is measured 
and defined. In spacetime, length is the distance between the positions of two events. In order 
to measure this length correctly in any given inertial reference frame, an observer must measure 
the position of both events that define the length simultaneously.

Note that this does not mean that the length being measured has to be a proper length – 
instead, it is as though they have to freeze the image (or take a photograph) of the length being 
measured and then take the measurements from this frozen image by standing in the middle 
of it and using reflecting simultaneous flashes to calculate its length. This means that a length 
measurement requires Δt = 0.

Let’s imagine that we are trying to calculate the proper length, L0, of an object stationary in 
S′ but moving in S. The object is of known length, L, in inertial reference frame S.

Δx′ = γ(Δx − vΔt)

   L0 = γ(L – 0)

   L = 
L0
γ

that was predicted by Einstein in his 1905 
paper. This causes the position of the three 
spectral lines to be additionally shifted by 
different amounts so that the original line is 
no longer in the centre (Figure 13.16)

Unfortunately for Ives, who was one of 
America’s most ardent critics of relativity, the 
lines were not shifted equally implying that classical physics was incorrect and his experiment 
is now used as one of the experimental tests in support of special relativity.

41 A rod is measured to have a proper length of exactly 1.00 m. How long would you measure it to be if it 
was to fly past you at 0.80c?

42 The time taken for the rod in question 41 to pass a fixed point in the laboratory is 2.5 × 10−9 s. What time 
interval would an observer travelling with the rod measure between the same two events?

43 Rosie flies through space and, according to Rosie, her height is 1.60 m. Rosie flies headfirst past an alien 
spaceship and the aliens measure her speed to be 0.80c.
a How tall will the aliens on their spaceship measure Rosie to be?
b Jeanina takes 6.1 × 10−9 s to fly past the same aliens at 0.90c. According to the aliens what time interval 

does it take Jeanina to fly past them?

44 In a space race a spaceship, measured to be 150 m long when stationary, is travelling at relativistic speeds 
when it crosses the finish line.
a According to the spaceship it takes 7.7 × 10−7 s to cross the finishing line. How fast is it travelling in 

terms of c?
b What time interval does the spaceship take to cross the finishing line according to an observer at the 

finishing line?
c According to an observer at the finishing line, how long is the spaceship?
d According to the observer at the finishing line, how fast is the spaceship travelling?

redshifted original blueshifted

■■ Figure 13.16
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■■ Tests of special relativity – the muon-decay experiment
A muon is an exotic particle that behaves just like an electron but is 200 times more massive. 
Their relatively large mass means that they are unstable and decay rapidly. They can be 
produced relatively easily in high-energy physics laboratories, so they can be studied easily. 
The standard method of timing their lifespan uses a block of scintillating material to stop 
a muon. This produces a tiny scintillation, or flash of light, as the muon’s kinetic energy is 
converted into a photon. When the muon decays it emits a high-energy electron and a couple 
of neutrinos. The electron causes a second flash and the time interval between these two 
events provides the lifetime of the muon. A stationary muon in the lab has an average lifetime 
of 2.2 × 10−6 s.

Radioactive decay is a random process so, when we are measuring the decay of large numbers 
of particles, it is more normal to talk about half-life. Mathematically an average lifetime of 
2.2 × 10−6 s is equivalent to a half-life of 1.5 × 10−6 s. The muon therefore provides us with a tiny 
clock that can be accelerated to relativistic speeds.

Muons are produced naturally in the Earth’s atmosphere as a result of collisions between 
atmospheric particles and very high-energy cosmic radiation that is continually bombarding us. 
This occurs at around 10 km above the Earth’s surface; the muons produced have an average 
speed of around 0.995c.

Let us consider three different options to see if they match what is observed 
experimentally.

Newtonian
The time taken for the muons to reach the Earth’s surface from a height of 10 km at a speed of 
0.995c is:

t = 
x
v  = 

10 000
0.995 × 3.00 × 108 = 3.35 × 10−5 s

number of half-lives = 
total time

t½
 = 

3.35 × 10−5

1.5 × 10−6  = 22

fraction reaching Earth’s surface = 1
2

22
 = 2.4 × 10−7

Note that this is a vanishingly small fraction of 
the original number of muons at 10 km above 
the Earth’s surface. If the Newtonian frame is 
correct, then almost no muons reach the Earth’s 
surface because almost all would have decayed by 
that time (Figure 13.7).

Relativistic – Earth reference frame
In the Earth reference frame, the proper length 
is measured as 10.0 km and the speed of the 
muons is 0.995c. An observer in this frame of 
reference would also measure the time interval 
to be 3.35 × 10−5 s. However, they would know 

45 In the same race as question 44 a sleek space cruiser takes only 2.0 × 10−6 s to cross the finish line 
according to the race officials at the line. They measure the space cruiser to be 450 m long. How long is 
the space cruiser according to its sales brochure?

v = 0.995c

Simultaneously
monitor count
at ground level

Measure muon
count at 10km height.

Out of a million
particles at 10km,
how many will
reach the Earth? µ   1000000

µ   0.24

L0 = 10km

■■ Figure 13.17
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that an observer in the muon frame of reference would be measuring proper time, which is an 
invariant quantity, and can calculate this:

γ = 1

1 – v
2 

c2

 = 1

1 – (0.995c)2 

c2

  = 1
√1 – 0.9952

  = 10.0

Δt0 = 
Δt
γ  = 

3.35 × 10−5

10  = 3.35 × 10−6 s

number of half-lives = 
total time

t½
 = 

3.35 × 10−6

1.5 × 10−6  = 2.2

fraction remaining = 1
2

22
 = 0.22

This is about one fifth, so plenty of muons would 
actually reach Earth’s surface compared with the 
number measured up at 10 km above ground. 
Confirmation of this result would therefore 
provide evidence in support of the idea of time 
dilation – the muons reach Earth because time 
has passed slowly for them, and so fewer have 
decayed than would have done in Newtonian 
physics (Figure 13.18).

Relativistic – muon reference frame
In the muon’s frame of reference, the 
10.0 km thickness of the lower atmosphere is 
contracted.

L = 
L0
γ  = 

10 000 m
10  = 1 000 m

 t = 
x
v = 

1 000
0.995 × 3 × 108 = 3.35 × 10−6 s

So the fraction remaining to reach the Earth’s 
surface is once again 0.22. This is because, from 
the muon’s reference frame, the rest observer 
perceives what we measure to be 10 km of 
atmosphere to be only 1 km.

A confirmation of this result would therefore 
provide evidence in support of the idea of length 
contraction (Figure 13.19).

■■ Figure 13.18

v = 0.995c
g = 10

Simultaneously
monitor count
at ground level

Measure muon
count at 10km height.

Out of a million
particles at 10km,
how many will
reach the Earth? µ   1000000

µ   22000

L0 = 10km

■■ Figure 13.19

v = 0.98c
g = 10

Simultaneously
monitor count
at ground level

Measure muon
count at 10km height.

Out of a million
particles at 10km,
how many will
reach the Earth? µ   1000000

µ   22000

L0 = 1km
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Experimental results
Does the experimental data support relativity? In general terms, a muon passes through every square 
centimetre of the Earth’s surface every second, whereas 10 km higher the rate is approximately five 
times greater. This is convincing evidence for both the time dilation and length contraction aspects 
of special relativity. However, in reality the data are complicated – muons are produced in the 
atmosphere at a wide range of heights and with a very wide spectrum of different energies.

46 Some muons are generated in the Earth’s atmosphere 8.00 km above the Earth’s surface as a result of collisions 
between atmospheric molecules and cosmic rays. The muons that are created have an average speed of 0.99c.
a Calculate the time it would take the muons to travel the 8.00 km through the Earth’s atmosphere to 

detectors on the ground according to Newtonian physics. 
b Calculate the time it would take the muons to travel through the atmosphere according to a relativistic 

observer travelling with the muons. 
c Muons have a very short half-life. Explain how measurements of muon counts at an altitude of 8.0 km 

and at the Earth’s surface can support the theory of special relativity.

13.3 (A3: Core) Spacetime diagrams – spacetime diagrams 
are a very clear and illustrative way of showing graphically how different observers in 
relative motion to each other have measurements that differ from each other

Spacetime was a concept first introduced by Minkowski in 1908. He 
was Einstein’s former mathematics teacher. Einstein initially rejected 
the idea of spacetime but then realised its importance and used it as a 
major stepping stone in the discovery of general relativity. Spacetime 
diagrams, sometimes called Minkowski diagrams, can be a very 
powerful method of explaining relativistic physics. They contain a lot 
of information, so we will try to build up the pieces in several parts 
before putting a complete diagram together.

■  Axes
Spacetime diagrams are normally drawn with the spatial dimension, 
x, on the horizontal axis and the temporal (i.e. time) dimension, t, 
on the vertical axis. Although the vertical axis could just show time, 
more commonly it shows the speed of light times time, ct, because this 
simplifies the diagram.

The axes represent the reference frame, or coordinate system, of a 
specific inertial observer.

■  Events
Events are represented as a point in spacetime. Just like an ordinary 
graph, the coordinates of the event are read off from the axes. In 
Figure 13.20 it is clear that, for an inertial observer in reference frame 
S, Event 0 occurs before Event 1.

■  Worldlines
An object travelling through spacetime can be imagined as a 
string of events. If we join up this line of events then we can plot 
an object’s path through spacetime. We call this path the object’s 
worldline. In Figure 13.21 a straight worldline is drawn showing 
that the object is moving through space with constant velocity 
relative to the observer.

The worldline shown does not pass through the origin because the 
object is observed a short time after the observer started their clock.

■■ Figure 13.20 Spacetime diagram for an 

inertial reference frame, S, showing two 

events and their coordinates

Event 1

Event 0
(0,0) x1 x

ct

ct1 (x1, ct1)

■■ Figure 13.21 Spacetime diagram showing 

how a string of events joined together produces 

an object’s worldline

worldline

ct

x
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■■ The angle between worldlines
The angle between any straight worldline and the ct axis is given by:

θ = tan−1 (v
c)

This equation is given in the Physics data booklet and can be derived from Worked example 11.

■■ Adding reference frame S’
Representing a second inertial reference frame on the same diagram is straightforward because 
the background spacetime does not change and events do not need to be moved, making it 
possible to compare how different observers perceive the same events.

Instead, the axes in the second reference frame become skewed. Suppose we look at the 
object that made worldline 2 in Figure 13.22. In Figure 13.23 the object is at rest in its own 
reference frame (S′) and so the ct′ axis is along the object’s worldline; the x′ axis mirrors the ct′ 

axis in the lightline.
According to an observer at rest in S′ the 
coordinates of the event are now (x′1, ct ′1). To 
understand this we need to review the ideas of 
‘simultaneous’ and ‘stationary’.

In reference frame S′ events that are 
simultaneous occur along a line parallel to the 
x′ axis, while events that occur in the same 
place occur along a line parallel to the ct ′ axis.

It is unlikely that you will have come across 
axes of this form before so spend some time 
thinking about how they work. This is further 
explained in Figure 13.24 and Figure 13.25.

■■ Gradient
The gradient of a worldline is given by c/v, so the steeper the gradient the slower the object is 
travelling. An object that is stationary as seen by an observer in this reference frame will have 
a vertical line because its x-coordinate does not change. The units are the same on each axis so 
that the gradient of 1 (i.e. a line drawn at 45°) represents the worldline (or lightline) of a photon 
through spacetime because v = c. All inertial observers agree on the value of c, so all observers 
must agree on the worldline for light as shown in Figure 13.22.

■■ Figure 13.22 

Spacetime diagram 

showing for inertial 

observer S: 

1) worldline for a 

stationary object, 

this is the worldline 

of the observer in S; 

2) worldline for a 

moving object; 

3) worldline for 

faster moving object; 

4) worldline for an 

object travelling 

in the opposite 

direction to the other 

objects between two 

events; 

5) worldline for a 

photon, this is along 

the line where ct = x 

and so has a gradient 

of 1.

Event 0

ct
1 2 3

5

4θ

x

ct = x

■■ Figure 13.23 

Spacetime diagram 

showing the 

additional axes for 

reference frame S′ 
in blue

ct’ = x’

θ

(0,0)

Event 0’

ct

ct1

x1

x’1

x

x’

ct’

ct’1

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



 13.3 (A3: Core) Spacetime diagrams  27

■■ Figure 13.24 Spacetime diagram 

showing dashed blue lines that mark 

separate worldlines for points that are 

stationary in reference frame S′. The 

graph works in exactly the same way as 

the graphs you are used to, except that 

the grid is skewed rather than vertical 

and horizontal. Events 1 and 2 occur at 

the same position in space relative to 

an observer in S′

Event 1

Event 2

ct

ct’ 1x’1

1x’1

2x’1
3x’1

3x’1

4x’1

4x’1

5x’1

5x’1

6x’1S’

6x’1

0x’1

0x’1 x

x’

2x’1

■■ Figure 13.25 Spacetime diagram in which six 

lines parallel to the x′ axis are marked. These 

lines join points that are simultaneous with each 

other, i.e. according to an observer in S′ all the 

events along line 1ct ′ occur simultaneously. At 

twice this time, all the events along dashed line 

2ct ′ occur simultaneously, and so on. Events 

3 and 4 are therefore simultaneous for an 

observer in S′

Event 3

Event 4

ct’

5ct’1

6ct’1

6ct’1
ct1 4ct’1

3ct’1

2ct’1

2ct’1

1ct’1

1ct’1
0ct’1

0ct’1

S’

(0,0)

x’

ct

x

5ct’1
4ct’1

3ct’1

■■ Units on spacetime diagrams
Intriguingly, the units on the x and x′ axes are not of the same size and this complicates how the 
geometry of spacetime can be used to solve problems. Remember that the spacetime interval, 
Δs2, is an invariant quantity, so all observers will measure the same spacetime interval between 
two events no matter how fast the observers are travelling.

Worked example

11 Use the Lorentz transformation equations to show that the x′ line has a gradient of v
c
, and hence confirm 

that the angle between the x and x′ axes is given by θ = tan−1 v
c

, as shown in Figure 13.26.

The equation for the x′ axis in terms of x and t can be  
found by setting t ′ = 0 and using the Lorentz  
transformation for t ′:

t ′ = γ t – vx
c2  = 0

so the bracket = 0.

t = vx
c2

ct = v
c

 x

which is of the form y = mx.

gradient = v
c

 = cΔt
Δx 

 = 
opp
adj

tan θ = 
opp
adj

 = v
c

θ = tan−1 v
c

 as required.
 ■ Figure 13.26 Spacetime diagram showing 

the calculation of the angle formula

ct’

(0,0)

adj = ∆x

opp = c∆t
x’

ct

x
θ
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Let’s consider four different inertial observers all travelling at different speeds, as shown in 
Figure 13.27. They are each asked to record a unit length that is stationary with respect to them. 
For each of them this is a proper length, of 1 unit, so each has a spacetime interval of Δs2 = −1.

47 Use the Lorentz transformation equations to show that the ct ′ line has a gradient of c/v, and hence 
confirm that the angle between the ct and ct ′ axes is also given by:

θ = tan−1 v
c

48 a Use a ruler, calculator and the spacetime diagram in Figure 13.28 to complete the following table:

Event
Coordinates 

in S (x,ct)
Coordinates 
in S’ (x’,ct’)

A (0,0) (0,0)

B (0.4,0.4)

C (1.6,1.1) (1,0)

D

E (0,1)

F

G

b List the order that the events occur in 
according to an observer in S and an 
observer in S′. 

(0,0) (1,0)
A

(0,1)

ct

x

B

E

F

G

C D

(0,1)

(1,0)

∆s2 = 1

∆s2 = –1

ct’

x’

■■ Figure 13.28 Spacetime diagram showing seven 

events, labelled A to G, from two different reference 

frames

■■ Figure 13.27 

Spacetime diagram 

showing how the 

units vary for four 

different reference 

frames, coloured 

black, blue, purple 

and green

(0,0) (1,0)

(1,0)

(0,1)

(0,1)

∆s2 = 1

∆s2 = –1

(1,0)

(0,1)

(1,0)

(0,1)

ct

x

ct’ ct’’ ct’’’

x’’’

x’’

x’

The black dashed lines link all the points with spacetime interval = 1 and −1, measured from the 
origin. They form a curve called a hyperbola. From this we can see that the scale of 1 unit changes 
for each of the different x axes. Although it is possible to calculate the exact coordinates of the 
hyperbola the mathematics to do this is beyond the IB syllabus so you can just stretch them on.

Similarly, the units on the time axes behave in a symmetrical fashion.
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■■ Figure 13.29 

Spacetime diagram 

comparing 

simultaneity in 

different reference 

frames

Event 0

Event 1

Event 2

Event 3

ct’

x’

ct

x

■■ Simultaneity in spacetime diagrams
Remember that all inertial observers will agree that two events are simultaneous if they 
occur in the same place, but they may disagree as to the order of the two events that occur 
at two different points in space. Figure 13.29 shows a spacetime diagram with four different 
events. According to one observer, Event 0 occurs first followed by Events 1 and 2 occurring 
simultaneously, with Event 3 happening last. However, for the other observer Events 0 and 
1 both occur simultaneously followed by Events 2 and 3 occurring simultaneously.

Worked example

12 Remember how an observer could demonstrate that two events were simultaneous (see Figure 13.9). 
Draw a spacetime diagram with reference frame S representing the observer on the train and S′ 
representing the reference frame on the platform.

The light rays are sent out in opposite directions, so we need to draw a positive and a negative x 
axis to allow us to position both the events (Figure 13.30).

Event 0

(0,0)

Event 1Event 2

Event 3

Event 3

ct’

ct’3ct3

ct’1

ct1 = ct2
ct’2

x2x1

x’

ct

x
x2

S
S’

■ Figure 13.30 Spacetime diagram for the thought experiment defining simultaneous, carried 

out in Figure 13.9. The red lines represent the worldlines of the two reflecting light rays. The 

grey axes represent the inertial reference frame of the train carriage, S, while the blue axes 

represent the inertial frame of the platform, S′, with the train moving to the left. The dashed 

intersections with the timeline of each observer give their version of the order of events.

Observer S sees:

■ the pulses are sent out simultaneously (Event 0)

■ the pulses reach each end of the carriage simultaneously (Events 1 and 2)

■ the pulses return to observer S simultaneously (Event 3).

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



30 13 Relativity

Nature of Science Visualization of models

The visualization of the description of events in terms of spacetime diagrams is an enormous 
advance in understanding the concept of spacetime. 

The Lorentz transformations we use to describe how we transfer from one reference frame 
to another are highly mathematical and make the topic very difficult to interpret in a non-
mathematical way. The geometry of spacetime diagrams appears initially quite confusing, but 
with practice provides an entirely different way of approaching relativity. This new dimension 
means that aspects of relativity become significantly more accessible – in particular, spacetime 
diagrams readily explain whether or not events are simultaneous in different reference frames 
and explain the order of events seen by different observers.

With more practice, spacetime diagrams also explain concepts such as time dilation and 
length contraction but can also be used to understand relativistic velocity additions and to 
visualise why it is impossible to exceed the speed of light in a vacuum.

■■ Time dilation in spacetime diagrams
Now look at a spacetime diagram for the muon experiment (Figure 13.31). 
Using the angle formula actually gives an angle of 44.9° for v = 0.995c, but 
ct′ is drawn at less than this for clarity.

One of the problems with spacetime diagrams is that the scales on the 
axes are not the same. We could use Lorentz transformations to carefully 
mark the scales on each axis but there is a neat little trick that allows us 
to avoid this.

In the muon reference frame, Event 0 occurs a time Δt′ after Event 1, and 
both events occur at x′ = 0. This is because in the muon reference frame the 
rest observer will see the stationary muon formed in the atmosphere (Event 0)  
and then the Earth’s surface colliding with the stationary muon (Event 1) –  
the muon is stationary throughout. Thus the observer measures the spatial 
separation between the two events to be zero, so the time, Δt′, is the proper 
time between the two events, shown correctly to scale on the ct axis.

This occurs at a specific spacetime interval, where Δs2 = c2Δt′2, and 
we can follow the dashed line that joins all the points with this same 
spacetime interval. Where this crosses the vertical ct axis it marks the 
equivalent interval as measured on the scale of the ct axis. On the 
spacetime diagram this is labelled cΔt′.

In the Earth reference frame, S, the time interval between Events 
0 and 1 is significantly longer and can be found from the vertical 
coordinate of Event 1. This is marked as cΔt on the ct axis. Since 
both measurements have been correctly scaled onto the ct axis their 
lengths can now be directly compared, and it is clear that the proper 
time interval Δt′ is considerably shorter than the streched (or dilated) 
Δt time interval. Showing that time has been stretched or dilated. 
Careful measurement from the ct axis would show that cΔt = γcΔt′. Note 
that this equation appears to be the wrong way round because S′ is 
measuring proper time.

■■ Figure 13.31 Spacetime diagram of the 

muon-decay experiment. Event 0 is the 

formation of a muon by the incoming 

cosmic radiation, while Event 1 is the 

arrival of the muon at the Earth’s surface. 

The black reference frame, S, is the Earth 

reference frame, while the blue reference 

frame, S′, is that of the muon. An observer 

travelling with the muon measures the 

proper time between Events 0 and 1. To 

measure this on the scale of the vertical ct 

axis we follow the dashed line of constant 

spacetime interval from Event 1 to where 

it crosses the ct axis, where it can be easily 

calculated by measuring the interval 

labelled cΔt ′. The interval according to 

an observer in reference frame S can be 

calculated by measuring cΔt

Event 1

Event 0

∆s2 = c2∆t’2

c∆t’

S’c∆t

S

ct

x

ct’

x’

Observer S’ sees:

■ the pulses are sent out simultaneously (Event 0)

■ the pulse that is fired down the carriage against the motion of the carriage must arrive at the 
end of the carriage before (Event 1) the pulse that is fired up the carriage (Event 2)

■ however, S′ still sees the pulses return to observer S simultaneously (Event 3).

The geometry of the spacetime diagram gives us exactly the same outcome, demonstrating that 
events with no spacetime interval are simultaneous for all observers, but events that occur in two 
separate places can be simultaneous for some observers but not for others.
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■■ ■Length contraction in 
spacetime diagrams

Once again let us turn to the muon experiment 
as shown in Figure 13.33. The length 
being measured is the distance between 
the formation of the muons in the Earth’s 
atmosphere and the surface of the Earth.

In the previous section, the length 
contraction equation was harder to derive 
than the time-dilation equation because it 
required one more key piece of information–
in order to measure a length correctly we 
must measure the position of each end of 

the length at the same time. In other words, the two spacetime events used to determine 
the two ends of the length in a given reference frame must occur simultaneously in that 
reference frame.

This length is straightforward to measure in the Earth reference frame because it is simply 
the horizontal separation between the vertical worldline of the Earth’s atmosphere and the 
worldline of the Earth’s surface. These are shown on the spacetime diagram as the two vertical 
black axes. Because each is stationary in the Earth reference frame, the separation between 
them is a proper length and is labelled L0 on the diagram, where it could easily be measured 
on the x axis.

In the muon reference frame, S′, the distance between the Earth's atmosphere and the 
Earth's surface can be measured using simultaneous events 0 and 0′, where the worldline of 
the atmosphere and the worldline of the Earth’s surface each cross the x′ axis. In the muon 
reference frame both events occur when t′ = 0, so they can be used to correctly measure the 
separation, L′ – it could be measured off the scale on the x′ axis but we would need to calculate 
the scale to do this.

Instead, we can sketch on the curve that links all the points with spacetime interval 
Δs2 = −L′2. Extending this to the x axis gives the separation between Events 0 and 0′ on the 
x axis scale, where it can be easily be measured. It can clearly be seen that the proper length 
is much larger than the contracted length, L′, confirming that length contraction occurs. 
Careful measurement would also show that L′ = L0/γ. Once again the spacetime diagram’s 
geometry has been able to represent the dynamics of relativity.

49 Use the spacetime diagram in Figure 13.32 and the 
Lorentz transformation equations to calculate:
a The velocity of an object that has a worldline at 30°.
b Calculate the value of γ for this speed.
c The time, t, at which an observer in reference frame 

S will record the object to have travelled 10 ly (Event 
1) at this speed.

d The value of c∆t between Event 0 and Event 1.
e The graph is drawn correctly to scale. Measure the 

length of cΔt and cΔt ′ on the ct axis and show that 
the ratio of the measured lengths  
cΔt/cΔt ′ ≈ γ.

f State which reference frame is measuring 
proper time.

g Use time dilation to calculate the value of cΔt ′.
h Mark the position of 14 ly on both the vertical 

black axes (S reference frame) and blue axes (S′ 
reference frame) to show that the scales on the 
axes are different. ■■ Figure 13.32

Event 1

Event 0

c∆t’

c∆t’ S’

c∆t

x = 10 ly

30º

30º

S

ct

x

ct’

x’

■■ Figure 13.33 

Spacetime diagram 

for the muon-decay 

experiment used 

to demonstrate 

length contraction. 

The instantaneous 

separation between 

the atmosphere and 

the Earth’s surface in 

the muon reference 

frame must be 

measured in each 

reference frame

Event 0

Event 0’

Worldline for
Earth’s surface

Worldline for
atmosphere

S’

∆s2 = L’2

L0

42º

S

L’

ct’

x’

ct

x
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■■ The twin paradox
One of the early concerns raised by special relativity was its apparent symmetry. If two inertial 
observers each carrying their own metre-long rod pass each other then they would each see the 
other’s rod being contracted, and therefore shorter than their own. Similarly, they can each read 
the other’s clock as running slow relative to their own. The rules of special relativity are not broken 
here because these situations are symmetrical. This is discussed in Figure 13.35.

Event 1

Event 0

c∆t’1

S’

c∆t2

S
ct

x

ct’

x’

Event 1’

Event 0’

c∆t’2

x’

S’

c∆t1

S

ct ct’

x

■■ Figure 13.35 The symmetry of relativity means that if two observers are carrying out the same 

experiment on each other the results should be symmetrical. Suppose two observers are travelling in 

opposite directions. They each carry a metre-long rod held parallel to their line of motion and two 

stopwatches. They each time two different intervals. Firstly, they start timing when they meet the 

front of the other observer’s rod and stop timing when they meet the back of the other’s rod, Δt1 

and Δt′1; secondly, they record the time interval for the other observer to pass the front and back of 

their own rod, Δt2 and Δt′2. According to relativity, the results must be symmetrical and the spacetime 

diagrams confirm this. Each observer correctly measures a proper time (Δt1 or Δt′1) when they pass the 

ends of the other observer’s rod, but measure a dilated (stretched) time when they record the other 

observer passing their own rod (Δt2 or Δt′2). This only works because Events 0 and 0′, and 1 and 1′ are 

four different events and means that the two spacetime diagrams are mirror images of each other

50 In Figure 13.33 the angle between the x and x′ axes is also 42°. Calculate:
a The relative velocity of the two frames of reference.
b The value of γ.
c If L0 = 1.0 m calculate the length of L′.
d Using a ruler, measure the ratio of L0/L′ to confirm 

that this gives the value of γ.

51 Einstein’s first postulate stated that the laws of physics 
are the same in all inertial reference frames. This means 
that we should be able to show on a spacetime diagram 
that an object that is stationary in reference frame S′ 
will also be measured as having a contracted length by 
an observer in S. Use Figure 13.34 to show that this is 
indeed the case by marking on the length as measured 
by S′ on the x′ axis and using the spacetime interval 
curve to mark on the x′ axis the equivalent length as 
measured by S. Hence, use the measured lengths along 
the x′ axis to estimate the value for γ. ■■ Figure 13.34

Event 0
Event 0’

S’

∆s2 = L’2

30º

ct’

x’

S

ct

x

Indeed the postulates of special relativity clearly state that these inertial reference frames have 
equal validity and so both versions must be correct.

The twin paradox asks what would happen if we had two twins, Andrew and Alice – 
Andrew likes to stay at home so he remains on Earth; Alice likes to travel so she is sent to our 
nearest neighbouring star in a spaceship that travels at close to the speed of light. When Alice 
arrives on Proxima Centauri she decides she does not like the double sunrise of the binary 
system and returns home in a different ship travelling in the opposite direction at the same 
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speed. According to relativity Andrew must think that Alice will not age as much as he has 
because she has travelled. In Alice’s reference frame though, she is stationary and she sees the 
Earth shoot away from her spaceship; she then jumps on a second spaceship and the Earth comes 
rushing back towards her, so she can equally argue that Andrew has travelled and she has not, 
so he will have aged less than her. The paradox is that they cannot both be younger than the 
other, and yet the situation appears symmetrical.

■■ Solution to the twin paradox
The solution is that the twin paradox is not symmetrical. Alice cannot argue that she has 
not travelled because she has experienced a dramatic acceleration when she turned round 
to come back (breaking the requirements for special relativity). This means that she has 
not been in one inertial reference frame but in two different inertial reference frames. 
Figure 13.36 shows the lack of symmetry when spacetime diagrams are compared. Reference 
frame A is from Andrew’s perspective while A′ is that of the spaceship that first took Alice 
to Proxima Centauri. The purple worldline ct″ is that of the second spaceship that took Alice 
back to Earth.

Alice’s
worldlines

Andrew’s
worldline

A’

A’

A

2
2

1

ct

x

ctct’ ct’’
ct’’

ct’

x’

Event 0 Event 0

1

A

■■ Figure 13.36 Resolving the twin paradox. Spacetime diagrams from Andrew’s perspective 

and from the perspective of the first half of Alice’s motion clearly show that Alice's and 

Andrew’s situations are not symmetrical, as required by the paradox, so the paradox is 

resolved. The black ct and x axes are for Andrew, the blue ct ′ and x′ axes are for the first half 

of Alice’s trip and the purple ct″ axis is for the second half of her trip. Andrew’s worldline 

between Events 0 and 2 is marked by the black dashed lines; Alice’s worldline between 0 and 

1 is marked by the blue dashed line and between 1 and 2 by the purple dashed line

The Hafele–Keating experiment
In 1971 a version of the twin paradox experiment was carried out by Joseph Hafele and Richard 
Keating (Figure 13.37). Alice and Andrew were not people, instead Hafele and Keating used four 
very precise atomic clocks, Andrew (represented by atomic clocks that stayed at the US Naval 
Observatory) stayed on Earth while Alice went on two commercial plane journeys, represented 
by clocks that were flown right around the Earth. One clock flew eastwards with the rotation 
of the Earth and one clock flew westwards against the Earth’s rotation. When the atomic clocks 
returned they were compared with the Earth-bound clocks.

The results were published in the journal Science and confirmed the predictions of relativity. 
The eastbound clock had run −59 ± 10 ns slow while the westbound clock had run 273 ± 7 ns 
fast, and within the uncertainties predicted matched the expectations of relativity. The two 
values do not add up to zero because there is also an effect caused by the planes flying in a 
weaker gravitational field, causing both clocks to run faster. This is explained in the section on 
general relativity.

Utilizations
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13.4 (A4: Additional Higher) Relativistic 
mechanics – energy must be conserved under all circumstances, and so must 
momentum; the relativity of space and time requires new definitions for energy and 
momentum in order to preserve the conserved nature of these laws under relativistic 
transformations

■■ Rest mass and electrical charge as invariant quantities
In Sections 13.1 to 13.3 we discussed several quantities that do not vary, no matter how fast an 
object was perceived to be travelling. These were the spacetime interval, Δs2, the proper time, 
t0, and the proper length, L0. In addition, all observers will agree on the rest mass, m0, and 
electrical charge, q.

We can think of the rest mass as being the ‘proper mass’ of an object. It is defined as the 
mass as measured by an observer who is stationary relative to the object. The relationship 
between rest mass and the measured mass, m, is given by:

m = γ m0

This equation is not given in the Physics data booklet.

52 Look at the two spacetime diagrams in Figure 13.37. The blue worldlines represent each end of a rod. 
An observer in reference frame S sees the rod moving past at constant velocity, while the observer in 
reference frame S’ is at rest with the rod. Both observers measure the length of the rod using two events, 
one at each end of the rod.

Event 2

S

L

L0

S’

Event 1
(x1,ct1)

Event 1
(x’1,ct’1)

(x2,ct1)
Event 2
(x’2,ct’1)

x1 x2

ct

x x’1 x’2

ct’

x’

a Explain why the observer in reference frame S can only correctly measure the length of the rod if the 
two events occur simultaneously.

b Describe how this might be achieved experimentally.
c Explain why the observer in reference frame S’ does not need simultaneous events to correctly measure 

the length of the rod.
d The two observers measure different values for the length of the rod. Which observer is measuring the 

proper length? Explain your answer.
e What aspect of special relativity do the two spacetime diagrams demonstrate? Explain your answer.

53 The 1971 experiment in which four atomic clocks are compared after two have been on a fast flight does not 
exactly match the twin paradox that has been described. Describe and explain how the two are different.

■■ ■Figure 13.37

ToK Link
Can paradoxes be solved by reason alone, or do they require the utilization of other ways of 
knowing?
The twin paradox is an example of a paradox that occurs because of a misunderstanding in the 
interpretation of what is known. This depends on the exact definition of paradox being used, so either it is 
not a true paradox or some paradoxes can be resolved through more careful reasoning.
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■■ Total energy and rest energy
If velocity is a relative quantity, no longer with an absolute zero but with an absolute maximum, then 
an object’s energy must also depend on the reference frame from which it is viewed. Remember that:

total energy = potential energy + kinetic energy

If an object is stationary within a reference frame then it has no kinetic energy and therefore it 
has its lowest energy. We call this the rest energy, E0. As an object moves faster it gains kinetic 
energy but, fundamentally, it can never reach the speed of light in a vacuum. Relativistically, the 
reason for this is because an observer travelling in the reference frame of the object must still 
measure the speed of light in a vacuum to be the invariable constant, c, and this is not the case 
if the object reaches or exceeds the speed of light itself.

So, how does the physics explain this? The answer comes from the equation:

E = mc2

The rest energy is given by:

E0 = m0c2

This equation is given in the Physics data booklet.
This is different from Newtonian physics, in which mass is an invariant quantity, so at  

speeds approaching the speed of light in a vacuum the classical kinetic energy equation (1
2 m0v2) 

fails and we must use a relativistic kinetic energy equation. What this tells us is that mass and 
energy are equivalent. As discussed in Chapter 7, if an object has energy then it has mass; if an 
object gains more energy then it gains more mass. As an object accelerates it gains more energy 
and therefore gains more mass, and becomes increasingly difficult to accelerate further. 

The total energy of an object can be easily calculated by multiplying the rest energy by the 
Lorentz factor:

E = γ m0c2

This equation is given in the Physics data booklet.
From this, and the equation for the rest energy, we can calculate the relativistic kinetic energy:

relativistic kinetic energy = total energy – rest energy

Ek = γ m0c2 − m0c2

   = (γ – 1)m0c2

This equation is given in the Physics data booklet.

Worked example

13 A particle is measured to be travelling at exactly 0.85c and has an inertial mass of 1.9149 u. Suggest what 
type of particle it might be.

    

γ =

 

1

1 – 
v2

c2

    γ = 
1

1 – 0.852

 

= 1.8983

   m = γ m0

  m0 = m
 

γ

   = 1.9149 u
1.8983

 = 1.0087 u

 Looking at the Physics data booklet, this suggests that the particle could be a neutron.
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An example graph of the total energy of a particle is shown in Figure 13.38.

Worked examples

14 A proton is measured according to the laboratory’s reference frame to be travelling at 0.500c. According 
to observers in the laboratory, what is the proton’s total energy?

 

 γ =

 

1

1 – 
v2

c2

     =
1

1 – 0.5002
 = 1.15

 E = γ m0c2

    = 1.15 × 938 MeV c−2 × c2

    = 1.08 GeV

15 An electron is measured according to the laboratory’s reference frame to be travelling at 0.75c. 
According to observers in the laboratory, what is the electron’s kinetic energy?

  γ = 
1

1 – 
v2

c2

     

=

 

1

1 – 0.752
 

= 1.51

 E = (γ – 1)m0c2

     = (1.51 – 1) × 0.511 MeV c −2 × c2

     = 0.26 MeV
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■■ Figure 13.38 Graph of a proton’s total energy. The key things to recognise on the graph are: i) the 

rest energy is the constant value of E0; ii) the relativistic kinetic energy is the difference between the 

total energy line and the rest energy; and iii) the proton’s velocity never quite reaches c. Since mass and 

energy are equivalent, a similar shaped graph can be drawn for mass, with the rest mass replacing the 

rest energy and the units changing from MeV to MeV c−2
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Nature of Science Paradigm shift

Einstein realized that the law of conservation of momentum could not be maintained as a law of 
physics. He therefore deduced that in order for momentum to be conserved under all conditions, 
the definition of momentum had to change and along with it the definitions of other mechanics 
quantities such as kinetic energy and total energy of a particle. This was a major paradigm shift. 

When dramatic changes are made to the laws of science it is important to be able to differentiate 
between those aspects of the previous theory that are sound and those aspects that need to be 
changed. In this case Einstein realised that the core rules of conservation of energy and conservation 
of momentum needed to be upheld in special relativity and therefore the classical equations, which 
for physics students may wrongly appear to be fundamental definitions, need to be revised.

In 1911 Einstein considered a variable-speed-of-light theory in which the speed of light in 
a vacuum is still an unbreakable speed limit as described by special relativity, but this speed 
limit changes in a changing gravitational field. He eventually abandoned this line of research. 
However, subsequent scientists have proposed it as a solution to various problems in cosmology. 
Most recently, Andreas Albrecht and João Magueijo suggested that if the speed of light were 60 
times faster in the early universe then this would solve an issue in cosmology called the horizon 
problem and provide an alternative to mainstream inflation theory. What are the potential 
implications of changing the value of c?

■■ Relativistic momentum
Because both the energy, and therefore the mass of a particle, increase with velocity, this 
must also have implications for calculating the momentum of particles travelling at speeds 
approaching c. Because the mass is directly linked to the rest mass by the Lorentz factor, the 
same must be true of relativistic momentum:

p = γ m0v

This equation is given in the Physics data booklet.
From this the English physicist Paul Dirac derived the relativistic equation for a particle’s 

total energy:

E2 = p2c2 + m0
2c4

This equation is given in the Physics data booklet.
This equation looks considerably more complicated to use so it is worth practising.

Worked example

16 An inertial observer measures a proton to be travelling with a velocity of 0.75c. Calculate both the 
proton’s momentum and total energy according to the inertial observer.

   

γ =

 

1

1 – 
v2

c2

   = 
1

1 – 0.752
 = 1.51

  p = γ m0v

   = 1.51 × 938 MeV c−2 × 0.75 c

   = 1.06 × 103 MeV c−1

 E2 = p2c2 + m0
2c4

 E   = p2c2 + m0
2c4

  = (1.06 × 103 MeV c −1)2c2 + (938 MeV c −2)2c 4

   = (1.06 × 103)2 + 9382 because all the cs cancel out

    = 1.420 × 103 MeV
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■■ The units of energy, mass and momentum
You should already be familiar with the electronvolt as a unit of energy. More commonly particle 
energies are quoted in kiloelectronvolts (keV), megaelectronvolts (MeV) and gigaelectronvolts 
(GeV). The definition of the electronvolt comes from the equation for electrical potential 
energy, E = qV.

From Einstein’s equation (E = mc2) we know that:

m = 
E
c2

The units of mass are eV c−2, but more commonly these will be quoted as MeV c−2 or GeV c−2.
Looking at Worked example 16 you can hopefully see that it also makes sense to introduce a 

new unit for momentum. This greatly simplifies the equations when the velocities are also given 
as fractions of c and, although it takes a bit of getting used to, just like the eV unit for energy, 
with practice the benefits soon become apparent.

p = mv

The units of momentum are eV c−1, but more commonly these will also be quoted as MeV c−1 
or GeV c−1.

54 The benefit of the relativitistic units for energy, mass and momentum is that they make relativistic 
equations involving c much simpler. Fortunately, we do not normally have to convert into SI units but you 
should be able to do this.
a Convert 1.00 eV to joules. 
b Convert 1.00 J into eV.
c How much energy does a mass of 1.00 kg possess?
d Convert 1.0 kg into eV c−2.
e Convert 1.0 kg m s−1 into eV c−1.

Nuclear power, particle accelerators and particle detectors
The laws of relativistic mechanics are needed to understand the energy and momentum 
changes that occur in nuclear power plants, particle accelerators and particle detectors. 

Nuclear power plants
Nuclear power plants use a fission reaction to release some of the energy stored in unstable, large 
nuclei such as uranium-235 and plutonium-239. Spontaneous uranium-235 fission typically results 
in the release of 200 MeV of energy, mostly as the kinetic energy of the product nuclei due to 
the coulomb repulsion. An average of 2.5 neutrons with typical kinetic energies of 2 MeV are 
released along with gamma rays with a total energy of around 7 MeV. These neutrons are then 
slowed in collisions with a moderator material, such as heavy water, to kinetic energies of around 
10 eV. At these energies the neutrons can be absorbed by other uranium-235 nuclei. Without 
understanding the implications of relativity, harnessing nuclear energy would not be possible.

Particle accelerators
Particle accelerators have become increasingly powerful. They have allowed us to explore 
the extremely high-energy densities of the early universe and to create a wide range of exotic 
new particles. However, they also have many industrial and even domestic uses – for example 
producing electron beams for irradiation, acting as neutron generators, and using proton beams 
to produce proton-rich ions (as opposed to the neutron-rich ions produced in fission reactors). 
Even old style cathode-ray television sets are a basic form of particle accelerator.

Modern research particle accelerators tend to be of two forms: linear accelerators that have 
a fixed target and circular accelerators that circle two beams in opposite directions. The 
advantage of a linear accelerator is that it is much cheaper to build – however, it is limited 

Utilizations
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■■ Particle accelerators
A particle accelerator works by using an electrical field to give kinetic energy to the particles 
(Chapter 10). Particle accelerators must of course obey the law of conservation of energy but, 
at speeds approaching the speed of light in a vacuum, we need to apply the relativistic energy 
equations. All the energy supplied by the field must be turned into relativistic kinetic energy:

loss of electrical potential energy = gain in kinetic energy

qV = ΔEk

This equation is given in the Physics data booklet.

55 1.00 kg of uranium-235 contains approximately 2.56 × 1021 atoms of uranium. A modern nuclear reactor 
replaces approximately 25 tonnes of uranium-235 every 2 years. If each uranium-235 fission results in 
200 MeV of energy being released, what is the theoretical maximum power output of the power station? 
(2 years = 6.31 × 107 s) 

56 Use conservation of momentum to explain why more energy is available to produce new particles in a 
synchrotron where two particle beams travelling in opposite directions collide, as opposed to a linear 
accelerator that collides accelerated particles into a fixed target, even if the total collision energy of the 
two accelerators is the same.

in the energies it can achieve by the length of the accelerator. Circular accelerators, such 
as synchrotrons, get round this problem by sending the particles repeatedly around a ring. 
The particle beam goes through dipole magnets that bend the beam inwards and quadropole 
magnets that focus the particle beam back into a tight cluster. The maximum energy of a 
synchrotron is therefore determined by both the radius of the accelerator ring and the strength 
of the magnetic dipoles that bend the particle path into a ring. However, both linear and 
circular accelerators pass the beam through electrical plates connected by oscillating high-
energy electric fields, which cause the particles to travel faster.

Particle detectors
The job of a particle detector is to track and measure the energy, momentum and charge of the 
particles produced in high-energy particle collisions. Large magnetic fields are applied that result 
in a curvature of the path of the charged particles. Tracking the particles is done by a variety of 
different methods. Early detectors used photographic film, and bubble or cloud chambers. These 
were developed into spark chambers and scintillation chambers in which flashes of light are 
recorded on photographic film. Modern detectors now use solid-state semiconductors to track 
particles with very high precision. They are also able to cope with the huge number of particle 
tracks that are produced in modern particle accelerators.

Worked examples

17 An electron is accelerated from rest by a potential difference of 10 kV. Calculate the electron’s velocity 
after this acceleration.

 qV = ΔEk = Ek, since there is no initial kinetic energy

 qV = (γ  – 1)m0c2

    γ = 
qV

m0c2
 + 1

   = 
10 × 103 eV

0.511 × 106 eV
 + 1

   = 1.02
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γ =

 

1

1 – 
v2

c2

   
v
c
 = 1 – 

1
γ2

      = 
1 – 

1
1.022

   = 0.20

    v = 0.20c

18 According to Newtonian physics, what voltage is required to accelerate an electron from stationary 
to the speed of light, and what is the actual speed of the electron after taking relativistic effects into 
consideration? (Rest mass of the electron, m0 = 0.511 MeV c−2)

 qV = ΔEk = Ek, because there is no initial kinetic energy

 qV = 
1
2  

m0v2

    V = 
m0v2

2q

   = 
0.511 × 106 eV

2e
, because the c−2 and the c2 cancel out

   = 256 kV

 qV = (γ – 1)m0c2

    γ = 
qV

m0c2
 + 1

    = 
256 × 103 eV

0.511 × 106 eV
 + 1

      = 1.50

   
v
c
 = 1 – 

1
γ2

     = 1 – 
1

1.502

     = 0.75

   v = 0.75c

57 In a laboratory an electron is timed as it passes across a 5.00 m gap after it has been accelerated from rest 
across a voltage of 500 kV.
a What is the relativistic velocity of the electron?
b What time interval should it take to cross the gap according to an observer in the laboratory frame 

of reference?
c What time interval should it take to cross the gap according to an observer in the electron’s rest 

frame of reference?

58 The large hadron collider at CERN should reach proton energies of 7 TeV (7 × 1012 eV) after its upgrade 
in 2015. How fast is a proton travelling if it has exactly 7 TeV of kinetic energy?

59 The muons used as tiny clocks in the atmospheric muon-decay experiments actually have a range of 
speeds. What is the kinetic energy of a muon travelling at 0.995c? The rest mass of a muon is 207 times 
bigger than the rest mass of an electron.

60 The second most powerful particle accelerator ever built was the Tevatron at Fermilab, which ran from 
1983 to 2011. It accelerated protons and anti-protons around a ring in opposite directions to speeds of 
0.999954c. What is the total mass, kinetic energy and momentum of a proton travelling at this speed?

61 Neutrons produced in nuclear fission reactors have an average kinetic energy of 2.0 MeV. In order to 
initiate another fission reaction they must be slowed to only 10 eV through multiple collisions. What is the 
decrease in momentum of the neutrons?

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



 13.4 (A4: Additional Higher) Relativistic mechanics  41

■■ Photons
The only particles that can travel at the speed of light in a vacuum are photons – the packets of 
energy and momentum that travel as oscillations of electromagnetic fields. The highest energy 
photons can be formed when unstable high-energy particles decay, converting all, or some, of 
their energy into electromagnetic radiation.

In Chapter 7 you studied the relationship between photon energy and either their frequency 
or, if they are travelling through the vacuum, their wavelength. This is given by:

E = hf = 
hc
λ

Where h is Planck’s constant = 6.63 × 10−34 J s.
Photons also have momentum, which is confusing because they do not have any rest mass. 

As a result, the relativistic momentum equation (E2 = p2c2 + m0
2c4) becomes:

E2 = p2c2 + 0

 p = 
E
c

Using the equation for photon energy it is possible to link photon momentum to photon 
frequency and wavelength. This is given by the equation:

p = 
E
c  = 

hf
c  = 

h
λ

This equation linking photon energy and momentum is not given in the Physics data booklet.

62 Alpha particles have a typical kinetic energy of 5.000 MeV and a rest mass of 3.727 GeV c−2. Calculate the 
relativistic velocity and momentum of a typical alpha particle.

63 The theoretical upper limit for the energy of cosmic rays that have travelled any significant distance 
through space is called the Greisen–Zatsepin–Kuzmin limit. This limits cosmic ray energies to 5 × 1019 eV. 
What is the momentum of a proton travelling with this total energy?

Worked example

19 A pion, or pi meson, is a type of particle formed from an up quark or a down quark in combination 
with an up or down antiquark. Pions can be either be positive, neutral or negative depending on the 
exact combination, and have the symbol π+, π0 and π− respectively. The neutral pion has a rest mass 
of 135.0 MeV c−2 but it is unstable, decaying into two gamma photons. Because both energy and 
momentum must be conserved, in the rest frame of the pion the two photons must have equal energies 
and travel in opposite directions. What is the wavelength of the gamma rays produced?

  To solve this we need to convert the rest mass to its equivalent energy in joules (by multiplying the rest 
mass by × 106 and dividing by (3.00 × 108)2 to convert MeVc −2 to eV, than multiplying by 1.50 × 10−19 C 
to convert eV to J).

 E = 
hc
λ

 λ = 
hc
E

     = 
6.63 × 10−34 × 3.00 × 108

135.0 × 106 × 1.60 × 10−19

     = 9.21 × 10−15 m

20  In another experiment, a pion is measured to be travelling with a total energy of 500.0 MeV immediately 
before it decays. The two photons produced in the decay must conserve both energy and momentum 
and, in this instance, one travels forward along the pion’s path and the other travels backwards. What is 
the wavelength of each photon?
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 First calculate the momentum of the muon:

 E2 = p2c2 + m0
2c4

 p = E2

c2
 − m0

2c2

     = 500.02 – 135.02

     = 481.4 MeV c−1

  We will use subscripts 1 and 2 to differentiate the two photons. Now use both conservation of energy 
and conservation of momentum to derive two equations:

 p1 − p2 = 481.4 MeV c−1

 E1 + E2 = 500.0 MeV

 However, for a photon E = pc, so if we multiply all of the top equation by c then we get two equations 
that we can solve simultaneously by subtracting one from the other:

 E1 − E2 = 481.4 MeV

 E1 + E2 = 500.0 MeV

 E1 = 490.7 MeV

 E2 = 9.3 MeV

 From these it is a simple matter to work out the wavelength of each photon, remembering to convert  
 the energy from MeV into J:

 E = 
hc
λ

 λ1 = 
hc
E1

   = 
6.63 × 10−34 × 3.00 × 108

490.7 × 106 × 1.60 × 10−19

   = 2.53 × 10−15 m

 and

 λ2 = 
hc
E2

   = 
6.63 × 10−34 × 3.00 × 108

9.3 × 106 × 1.60 × 10−19

    = 1.3 × 10−13 m

64 Green light has a wavelength of 
550 nm. At what wavelength do 
photons have five times as much 
momentum? 

65 What is the momentum of a gamma 
ray with an energy of 100 keV? 

66 When an electron and a positron 
annihilate, the most common outcome 
is the production of two gamma rays. 
If the electron–positron pair were 
initially stationary then what is the 
momentum of each of the gamma 
rays produced?

67 A pion is measured to have a total 
energy of 550 MeV before it decays 
into two gamma rays.
a What are the energies of the two 

gamma ray photons produced?
b What are the wavelengths of the 

two photons produced? 

■■ Figure 13.39 A solar sail is an enormous reflector that 

uses the solar wind as a propulsion mechanism. Although 

the total force exerted by the solar radiation is small, over  

a long period of time it is sufficient to propel space probes 

to high velocities
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13.5 (A5: Additional Higher) General relativity – 
general relativity is a framework of ideas, applied to bring together fundamental concepts 
of mass, space and time in order to describe the fate of the universe

Although special relativity was an outstanding achievement, Einstein was deeply frustrated that it 
could only be applied to the special situation of inertial observers. After publishing his work on 
special relativity he spent much of the next 11 years trying to generalise the theory of relativity 
and finally published his theory of general relativity in 1916. It is based on some remarkably 
simple ideas although the mathematics behind it is quite complex.

■■ The equivalence principle
Einstein was intrigued that the inertial mass of an object (m = F/a) and the gravitational mass of 
an object (m = W/g) are always identical. This means that, if an observer is placed in a closed box, 
they have no way of distinguishing whether they are in a rocket that is accelerating in the middle 
of empty space or experiencing a gravitational field. Einstein decided that this was a fundamental 
property of the universe − physically there was absolutely no measurable difference between a 
gravitational field strength and an acceleration. We call this the relativistic equivalence principle.

Equivalence principle: no experiment can be done to prove that an observer is in an 
accelerating reference frame or in a gravitational field.

This is illustrated in Figure 13.40. The reason this is so important is because it means that the 
physics that occurs in one situation must be the same as the physics that occurs in the other.

68 One of the propulsion systems proposed for space travel is the use of a solar sail (Figure 13.39). At the 
orbital distance of the Earth the photons arriving from the sun have a total intensity of 1.40 × 103 W m−2. 
Calculate the momentum of the solar radiation that passes through an area of 1.00 m2 every second at this 
distance from the Sun.

69 If a solar sail propulsion system reflects the photons, has a sail area of 15.2 km2 and has a total mass of 
2.00 × 104 kg, what is the acceleration of the space probe?

70 Explain why an effective solar sail must be both highly reflective and have very low density.

ToK Link
In what ways do laws in the natural sciences differ from laws in economics?
The laws of science that are been presented in this chapter have been developed as a result of the failure 
of previous models to explain experimental results. The laws of relativity were able to explain the reason 
for the breakdown of the previous models but, importantly, they also made precise predictions that could 
then be tested experimentally. Einstein’s fame is due to the great success of these predictions in matching 
the later experimental results. Today’s theoretical physicists continue to extend the predictions of the laws 
of relativity while experimental physicists continue to test these predictions. The laws of relativity therefore 
have an exactness that is missing from the laws of economics.

■■ Figure 13.40 The equivalence 

principle means that, fundamentally, 

a physicist in a closed box has no way 

of proving that they are in a room on 

Earth within a gravitational field of 

10 N kg−1 (as shown on the right) or in 

deep space accelerating at 10 m s−2  

(as shown on the left) – or an 

equivalent combination of the two

10 N kg−2

10 m s−2

600 N 600 N
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■■ The bending of light
Let us consider what happens to a beam of light that is shone by a laser mounted inside the wall of 
the closed box. In each case the light beam is fired horizontally according to the observer outside 
the box. The box is drawn after three equal time intervals with each position of the photon as it 
passes across the box marked by a red dot, acting as an event in spacetime. To show the shape of 
the photon’s path these points are joined up. This is illustrated by Figures 13.41 to 13.46:

1 Situation 1: stationary box – both the internal observer in the box’s frame of reference and 
external observer will agree on the position of the box and the path that the light beam has 
taken (Figure 13.41):

■■ Figure 13.41

2 Situation 2: box moving upwards with constant velocity, v, as seen by the external observer 
who would see the light beam travelling horizontally and the box travelling at a constant 
velocity across its path (Figure 13.42):

■■ Figure 13.42

 However, an observer in the rest frame of the box would see the light beam angled 
downwards (Figure 13.43):

■■ Figure 13.43
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3 Situation 3: the box is experiencing a very large upwards acceleration. The external observer 
would still see the light beam travelling horizontally and the box accelerating across the path 
of the light beam (Figure 13.44):

■■ Figure 13.44

4 Situation 4: the box is experiencing a very large upwards acceleration. This drawn as viewed 
according to the observer in the rest reference frame of the box. The observer then sees the 
light beam being bent downwards (Figure 13.45):

■■ Figure 13.45

5 Situation 5: the box is stationary but in a very strong gravitational field. The equivalence 
principle can now be applied because the position of the events that make up the path of the 
light ray must be the same as in situations 3 and 4 above relative to the box (Figure 13.46):

■■ Figure 13.46

The remarkable conclusion is that gravitational fields must bend the path of a light beam.

■■ Evidence for the gravitational bending of light
One of Einstein’s early predictions of general relativity was that light must be bent around very 
massive objects. This is surprisingly difficult to test for two reasons: firstly, the angle through 
which light is bent is extremely small; secondly, the Sun is so bright that we can only look very 
close to the edge of Sun during a solar eclipse, when the Moon is directly between the Earth and 
the Sun. The experiment was first achieved by a team led by Arthur Eddington, using the solar 
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■■ Gravitational lensing
A gravitational lens is formed when the light from a very distant, bright source is ‘bent’ around 
a massive object (such as a cluster of galaxies or black hole) between the source object and 
the observer. The process is known as gravitational lensing and is one of the consequences 
of gravity bending the path of light rays. Einstein discussed the effect in his 1936 paper and it 
was first experimentally observed in 1979. Figure 13.48 shows an example of what gravitational 
lensing actually looks like.

a spacetime surface distorted by the mass of the Sun

perceived
position of star

actual position
of star

background stars

stars appear
to have
moved to
the left

Sun

Moon

Earth

c constellation as it
    normally appears

d constellation with
    gravitational lensing

b simple sketch
    diagram with
    lensing effect
    exaggerated

Sun

Moon

grid
representing
spacetime

Earth

■■ Figure 13.47 Diagrams showing how gravitational lensing due to the Sun occurs: a) shows 

a spacetime surface with the yellow line taking the shortest path through spacetime. This is 

discussed in more detail later; b) shows a simple sketch diagram of the gravitational lensing 

effect such as you might be asked to produce in an exam question; c) and d) show how a 

constellation would appear normally and how the constellation would appear when very 

close to the Sun. The observed position of the shifted star is so close to the edge of the Sun 

that the effect is only observable from Earth during a solar eclipse, when the moon masks 

the solar disc. The star marked with the arrow is the one that has shifted position

eclipse of 1919 to measure the position of stars close to the edge of the eclipse. This is shown in 
Figure 13.47.

■■ Figure 13.48 

Gravitational lensing: 

a very large galaxy 

(just right of centre) 

is bending the 

pathways of light 

from a source that is 

behind it from our 

viewpoint, so that 

the light appears as 

a ring known as an 

Einstein ring
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The reason it is called a gravitational lens is because the effect looks similar to the refraction of 
light through a convex lens, as shown in Figure 13.49.

Worked example

21 What is the change of frequency of a red light photon, λ = 650 nm as it travels from the bottom of the 
Eiffel Tower to the top, a distance of 324 m?

    f = 
c
λ

 = 
3 × 108

650 × 10−9
 = 4.62 × 1014 Hz

 
Δf
f

 = 
gΔh
c2

  Δf = 
9.81 × 324 × 4.62 × 1014

(3.00 × 108)2
      = 16.2 Hz

  As can be seen, the change in the frequency compared with the original frequency is tiny, making this 
a particularly challenging prediction of general relativity to test.

■■ Figure 13.49 Gravitational lensing: the light from a bright 

distant galaxy or super-bright single star, such as a pulsar, is 

bent inwards by the strong gravitational field of a supermassive 

galaxy that lies between a distant galaxy and Earth. The paths 

of the rays are similar to those produced by a convex lens. In 

reality the distortion in gravitational lensing often produces 

either multiple images or a smeared Einstein Ring of the more 

distant galaxy is produced

more distant
galaxy supermassive

galaxy

Earth

■■ Gravitational redshift and the Pound–Rebka–Snider experiment
The bending of light by gravity might suggest that the gravitational field is causing the light ray to 
change speed, but this would conflict with the first postulate of special relativity (the speed of light 
in a vacuum is always c). Instead, Einstein realised that time is being distorted. In an accelerating 
reference frame, we know that the faster the box is travelling the slower time passes for it, because 
time passes slower for faster-moving observers than for slower-moving observers. The equivalence 
principle tells us that the same must be true for a gravitational field – the stronger the gravitational 

field the slower time must pass. Therefore gravitational fields 
also cause time dilation – clocks in a strong gravitational field 
tick slower than clocks in a weak gravitational field.

This result also affects light rays as they pass into an 
increasing gravitational field, causing them to appear 
blue-shifted. Conversely, a photon that travels out from a 
gravitational field will be redshifted, as shown in Figure 13.50 
(the Doppler effect and redshifts were discussed in Chapter 9).

The following equation allows us to calculate the change 
in frequency, Δf, of the photon:

Δf
f  = 

gΔh
c2

In this f is the original frequency, g is the gravitational field strength, Δh is the change in 
height and c is the speed of light in a vacuum. The equation assumes that the gravitational field 
strength is uniform and therefore constant.

This equation is given in the Physics data booklet.

■■ Figure 13.50  

The frequency of 

light is blueshifted 

as the photon travels 

into a gravitational 

field, such as the 

gravitational field 

around the Sun 

and, conversely, 

the photon is 

redshifted as it travels 

out through the 

gravitational field; 

it is as if the photon 

is gaining or losing 

gravitational potential 

energy, causing its 

frequency to change
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The Pound–Rebka–Snider experiment
The key experimental test of gravitational redshifting happened in an experiment at Harvard 
University in 1959 and is named after the three physicists who designed and refined the original 
experiment. 

According to quantum physics only very specific photon energies can be emitted and 
absorbed by electrons as they jump between allowed energy levels. The same is true for the much 
higher energies for the energy states of unstable nuclei that are involved in the emission and 
absorption of gamma rays – when a nucleus changes from a high-energy state to a low-energy 
state it emits gamma rays of a specific energy (and frequency). Conversely, when a gamma ray of 
exactly the right energy interacts with a nucleus it can be absorbed, causing the nucleus to jump 
from a lower to a higher from a lower energy state. Gamma rays that do not have exactly the 
right energy will pass through the sample without being absorbed. This provided the evidence 
for nuclear energy levels, which was discussed in Chapter 12.

Pound and Rebka placed a sample of iron-57 in the basement of a laboratory and a second 
sample of iron-57 in a room on the top floor. The two samples needed to be as far apart in the 
Earth’s gravitational field as is conveniently possible to maximise the redshift effect. By focusing 
the gamma rays emitted by the lower sample into a narrow beam they were able to show that 
the sample of iron-57 on the top floor could no longer absorb the incident gamma rays. The 
gravitational redshifting of the gamma rays was sufficient that the rays emitted by one sample could 
not be absorbed by the other. However, to test the predictions of general relativity they needed to 
test how large the gravitational redshift was. They did this by initially placing the basement sample 
on a loudspeaker, which they oscillated up and down. This resulted in a Doppler blueshift when 
the sample moved upwards and a Doppler redshift when the speaker moved downwards.

At a specific point in the phase of the speaker oscillation, the sample on the top floor 
was able to absorb the gamma rays from the sample in the basement. This occurs when the 
gravitational redshift exactly cancels the Doppler blueshift. The result is measured as a drop 
in the intensity of the gamma radiation passing through the top sample, showing that gamma 
radiation had been absorbed. By working out the exact point in the oscillation of the speaker 
that allows absorption to occur, Pound and Rebka were able to calculate the velocity of the 
speaker and, hence, the Doppler blueshift. They repeated the experiment in reverse to test that 
the gamma photons that travelled from the top floor to the basement were also gravitationally 
blueshifted when travelling downwards. Their results confirmed that the gravitational redshift 
and blueshift matched that predicted by general relativity. Pound and Snider went on to repeat 
the experiment with greater accuracy; hence all three are recognised in the name of the 
experiment. This is shown in Figures 13.51 and 13.52.

■■ Figure 13.51 The Pound–Rebka–Snider experiment

gamma photons
launched upwards

57Fe source

57Fe detector

22.5m

■■ Figure 13.52 Rebka at work in the 

basement of the Jefferson laboratory at 

Harvard; the polythene tube contains 

helium to focus the gamma photons into 

a narrow beam
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71 Images from the Hubble Space Telescope show what appears to be three very hot, bright indentical stars 
around a dark region of space. The three stars all appear to be the same distance away while the dark 
region appears to be filled by a much closer dust cloud emitting light in the infrared spectrum. Explain 
why there appears to be three images of the same star.

72 In the Pound–Rebka–Snider experiment, the Jefferson Laboratory in which the experiment was carried out 
had a height of 22.6 m between the two samples. The gamma rays produced by iron-57 had an energy of 
14.0 keV.
a Calculate the gravitational redshift of the photons as they lost energy while rising up through the 

gravitational field between the source and the detector samples.
b In order for the photons to be absorbed by the sample of iron-57 on the top floor they must have had 

exactly the right energy and so must have been blueshifted by the oscillating speaker in the basement. 
Use the Doppler shift equation for light to calculate the velocity of the speaker.

73 The darker lines on the absorption spectra of the Sun do not exactly correspond to the emission spectra 
lines of gases on Earth but appear shifted slightly. Explain what is causing this effect.

GPS time correction
In 1956 a test was proposed for relativity that involved placing very accurate clocks in orbiting 
satellites and measuring the increase in the rate of the clocks due to the combination of special 
and general relativistic effects. Forty years later the Global Positioning System (GPS), launched 
by the American government, had to account for this very effect (Figures 13.53 and 13.54). Each 
of the GPS satellites carries an atomic clock that works with a precision of ±1 nanosecond. At 
the speed of light, c, this results in a precision in position of ±0.3 m.

■■ Figure 13.53 There are now more than 24 

GPS satellites in orbit around the Earth  

Three satellites can
locate a point in
three-dimensional space 

■■ Figure 13.54 Fixes from each of three satellites are sufficient to provide 

a position fix, but a fourth satellite is needed to account for inaccuracies 

in the GPS receiver’s clock and to ensure that common electronic devices, 

such as mobile phones and cameras, can easily provide accurate positioning

As each GPS satellite orbits it continually sends out a signal providing information about its 
position and orbital path, with a precise time signal stating when the location information 
was sent. The signal travels out in a sphere around the satellite centred on the position of the 
satellite. The receiver can work out the radius of the sphere by calculating the time the signal 
has been travelling for at the speed of light. If three GPS satellites are all compared then these 
spheres should all intersect at the location of the GPS receiver allowing the GPS receiver to 
calculate an exact position, as shown in Figure 13.55. However, GPS receivers do not require 
atomic clocks to calculate the time correctly; instead they use a fourth satellite to measure the 
time discrepancy and, from this, accurate measurements of the time between the signals being 
sent and received are calculated.

Utilizations
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■■ Curvature of spacetime
In describing special relativity Einstein realised that an observer’s relative velocity caused a change 
in how space and time behaved. It is only a small step to realise that the distortion of spacetime 
increases as the observer accelerates, causing spacetime to become curved. The equivalence principle 
then tells us that gravitational fields also curve spacetime. In other words, high densities of mass (and 
therefore energy) must stretch and distort spacetime. Einstein also thought that light must take the 
shortest, and therefore straightest, path available across spacetime. This is shown in Figure 13.56.

The high speed of GPS satellites as they orbit around 
the Earth – approximately 14  000  km h−1 – means 
that time is dilated due to special relativity, so that the 
atomic clocks run slow by 7000 nanoseconds per day. 
However, the satellites are also in a weaker gravitational 
field due to their altitude above the Earth’s surface. 
General relativity implies that their clocks should 
therefore run faster. At the GPS satellite orbital height 
they are predicted to run 45 000 nanoseconds faster per 
day. The combined effect is that the satellites should 
run fast by around 38 microseconds each day which, at 
the speed of light, would create a daily inaccuracy of 
11.4 km in the GPS positioning.

To get around this problem the incredibly precise 
clocks in the GPS satellites are deliberately set to 
tick 38 microseconds too slow each day. Not only do 
GPS satellites provide further evidence supporting 
relativity but, without relativistic corrections, none 
of the satellite navigation systems that many of us 
routinely use would work.

74 If the clocks on the GPS satellites ran fast by only 1 ns per day what would be the cumulative error in the 
distance to the satellite after:
a 1 day?
b 1 week?
c 5 years?

75 The measurement of position depends on the assumptions that the clocks are correct and that the 
positions of the satellites are correctly broadcast. Suggest other sources of error in GPS measurements.

76 Who was responsible for carrying out the experiment in 1971 that showed that clocks would run faster at 
higher altitudes?

■■ Figure 13.55 Assuming the receiver has an accurate time 

measurement, the position and time measurements from three 

GPS satellites provide enough information to calculate the 

receiver’s position to one of two locations, shown as the red 

dots where the spherical surfaces intersect. In practice, one of 

the two locations can be discarded because it is so far from the 

Earth’s surface. Comparison with a fourth satellite provides a 

time correction so that the receiver does not need to be linked 

to an atomic clock

A third measurement narrows down
a position to just two points

11 000
mile radius

11 500
mile radius

12 000
mile radius

■■ Figure 13.56 It is spacetime that is being distorted, producing a curving and stretching of space and 

time. Although the light beam appears to follow a curve through the three dimensions of space, it is 

still travelling as the straightest line through spacetime. Spacetime itself is being stretched and curved, 

and will cause the box to appear to rotate and be distorted
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The first law of Newtonian physics is that an object will travel along a curved path only as a 
result of an external unbalanced force. Matter will travel in a straight line until an unbalanced 
force acts on it. However, when spacetime is curved, matter will follow this curve and experience 
an unbalanced force as a result.

Einstein hypothesised that what we experience as the force of gravity is the same as 
spacetime causing an object to travel in a curve. One way of thinking about this is to suggest 
that energy and mass have the effect of defining how spacetime must curve, while the curvature 
of spacetime has the effect of determining how mass and energy will move.

This resolved one of Einstein’s biggest problems with special relativity, because he realised 
that gravity appears to instantaneously exert a changing force on an orbiting object at a 
distance, apparently transmitting information about the direction of the force on the orbiting 
object faster than the speed of light. Instead the curvature of spacetime around a large 
gravitational body causes orbiting objects to follow a curved orbital path. This curvature of 
spacetime is shown diagrammatically in Figure 13.57.

1 2

3 4

Earth
Sun

Spacetime with
extreme curvature

Event horizon marking the limit inside
which no matter, light or information

can escape; the radius of this surface is
called the Schwarzschild radius

■■ Figure 13.57 A commonly used analogy is to think of a two-dimensional 

representation of spacetime as a rubber sheet that is stretched in all directions 

in a horizontal plane. Massive objects are represented by placing heavy balls 

on the sheet with both mass and density being represented by more massive 

and denser balls respectively. However, the rubber sheet can be torn if the 

density reaches a critical limit, at which spacetime becomes so stretched that 

light is unable to escape – the resulting object is called a black hole

■■ Event horizons
If mass (or energy) is concentrated into a superdense object then the gravitational field strength 
close to the object’s surface also increases. This means that the escape speed also increases. 
However, special relativity determines an upper limit for speed. The escape speed limit discussed 
in Figure 13.57 occurs when the escape speed (see Chapter 10) exactly equals the speed of light 
in a vacuum. This means that light is unable to escape from within this region.

We call the surface that joins all the points at which the escape speed = c the event horizon. 
This is a theoretical surface that separates a superdense object such as a black hole from the rest 
of the universe. The event horizon marks the surface within which light, and therefore all forms 
of matter and also information, is unable to escape through to the rest of the universe.
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■■ Schwarzschild black holes
Schwarzschild black holes are simplest form of black holes and are neither rotating nor have an 
electrical charge. The critical limit discussed in Figure 13.57 occurs when the escape velocity 
(Chapter 10) exactly equals the speed of light in a vacuum. This means that light is unable to 
escape from within this region. The radius that this occurs at for a simple non-rotating black hole 
with no electrical charge is called the Schwarzschild radius, RS, and is given by:

RS = 
2GM

c2

Where G is the universal gravitational constant, M is the mass of the black hole and c is the 
speed of light in a vacuum. This equation is given in the Physics data booklet.

The Schwarzschild radius defines a spherical surface in space. Inside this boundary no energy 
or information can escape into the rest of the universe while outside this spherical surface it can. 
The spherical surface is therefore the black hole’s event horizon.

Worked example

22 What would be the radius of the event horizon of an object with the mass of the Sun if it were 
sufficiently dense to produce a black hole? The Sun has a mass of 1.99 × 1030 kg.

 RS = 
2GM

c2

    = 
2 × 6.67 × 10−11 × 1.99 × 1030

(3 × 108)2
    = 2.95 × 103 m

In reality, the only force understood to produce dense enough mass to create a stellar black hole 
is gravity. The unbalanced inward force is only sufficient to crush the star into a black hole at 
the end of its life, and is only formed by extremely large stars (red supergiants)with a final mass 
of no less than 1.5 to 3.0 solar masses and initial masses of 15 to 20 solar masses.

Nature of Science Creative and critical thinking

Einstein’s great achievement – the general theory of relativity – connecting the geometry of 
spacetime (through its curvature) to the mass and energy content of spacetime is based on 
intuition, creative thinking and imagination.

For years it was thought that nothing could escape from a black hole and this is true but only 
for classical black holes. When quantum theory is taken into account a black hole radiates like 
a black body. This unexpected result revealed other equally unexpected connections between 
black holes and thermodynamics. 

In 1974 Stephen Hawking, now Director of Research at the Centre for Theoretical 
Cosmology at the University of Cambridge, was trying to link quantum physics with general 
relativity. As part of his research he was investigating the quantum field effects close to the 
event horizon. Mathematically this is very complex but, put very simply, quantum physics 
predicts the existence of virtual particles caused by quantum fluctuations in the vacuum energy. 
Due to the huge gravitational field these particles can become real particles. Theoretically it 
is possible for one of these particles to fall through the event horizon while the other particle 
escapes, and because the energy to produce the particle has come from the gravitational field, 
the escaping particle carries away some of the black hole’s energy (or mass).

The result is that black holes should appear to glow as if they were a hot black-body. 
However, they glow with a temperature inversely proportional to their mass. Small black holes 
therefore appear hotter than large black holes. Indeed, a black hole with the mass of our Moon 
(1027 kg) would glow at around 2.7 K, the temperature of the microwave background radiation, 
and so any more massive than this and they will still absorb more radiation than they emit.
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Intriguingly, because the smaller a black hole gets the hotter it gets, the rate of evaporation 
increases exponentially as the black hole shrinks. This result means that miniature black holes 
could appear and quickly evaporate through Hawking radiation. Indeed, the theory suggests that 
the LHC at CERN might have sufficient energy to create such miniature black holes and the 
ability to watch them evaporate.

■■ Time dilation near a black hole
Both space and time are stretched by the mass of a black hole so, relative to an external observer 
far from the black hole, time will appear to become increasingly stretched (dilated) as an object 
approaches the event horizon. We can calculate the distortion in the time between two events 
according to an observer close to the black hole and an observer far from the black hole. This is 
given by the equation:

Δt = 
Δt0

1 – RS
r

Where Δt0 is the time between two events according to an observer close to the black hole, 
Δt is the time between two events according to an observer far from the black hole, RS is the 
Schwarzschild radius of the black hole and r is the distance of the closer observer from the black 
hole. This equation is given in the Physics data booklet.

Worked example

23 A space probe is sent to investigate a black hole with a Schwarzschild radius of 5.0 km and sends a signal 
with a pulse of period 0.01 s back to Earth. What is the period of the signal when the space probe is 
10 km from the centre of the black hole?

 

Δt =

 

Δt0

1 – 
RS
r

    = 
0.01

1 – 5000
10000

         = 0.014 s

77 In December 2011 astronomers discovered a supermassive black hole in the centre of the Milky Way that has an 
estimated mass of 21 billion solar masses (4.2 × 1040 kg). Estimate the Schwarzschild radius of this black hole.

78 A pulsar, which is a form of magnetised spinning neutron star, emits a beam of very intense radiation that 
appears to flash with a regular period, like a lighthouse. Pulsars spin very quickly and can have a period of 
milliseconds. If a 33 millisecond pulsar is found to orbit around a black hole with a mass of  
3.0 × 1035 kg so that it comes close enough so that the period is increased, due to general relativistic 
effects, to 34 milliseconds, how far is the neutron star from the centre of the black hole?

■■ Applications of general relativity to the universe as a whole
Einstein realised that if spacetime could be curved and distorted then the universe as a whole 
could also have curvature. The classical model of the universe is what we call Euclidean. The 
three dimensions of space are orthogonal – at right-angles – completely straight with uniform 
scales in all directions. This is an example of an ‘open universe’ because it is infinite in at least 
one dimension. General relativity allows the dimensions of time and space to be curved so that 
opposite directions in space, or in time, can eventually curve around and meet up.

The surface of the Earth is a good example of a closed surface – it is so large that on the 
human scale it is reasonable to think of the Earth as being flat (and therefore either being 
infinite or having an edge to fall off). Instead the Earth’s surface is curved, so it does not have a 
start or a finish. Curving space and time means that the universe can also become closed, so the 
problem of what is beyond the edge of the universe disappears.

Physics for the IB Diploma 2nd Edition © John Allum and Christopher Talbot 2014



54 13 Relativity

Implications of a relativistic universe: expansion and contraction
Einstein applied the laws of relativity to the universe as a whole by treating the galaxies like 
molecules in a cosmological gas and applied the statistical rules of thermodynamics to model 
how the universe behaves.

He realised that his relativistic universe was intrinsically unstable. Galaxies must attract each 
other causing both space and time to collapse. His solution was to introduce an outward force, 
which he called the cosmological constant, representing a repulsive force in the universe. The 
cosmological constant gives the vacuum (or each unit of spacetime) a tiny amount of energy. 
Too much energy and the universe will expand at an increasing rate; too little energy and 
gravity overcomes the repulsion and the universe collapses.

In 1929 Edwin Hubble announced that the universe was expanding. The invention of larger 
telescopes fitted with cameras has allowed astronomers to look much deeper into the universe 
and Hubble had discovered that most of the galaxies that he could detect appear to be 
redshifted, implying that they are moving away from us. Importantly, the amount of redshifting 
increases with distance. His conclusion was that the universe must be getting larger.

The implication was that the universe started from a single point of incredibly high temperature 
and density and has expanded outwards ever since. We call this event the Big Bang and it is now 
a fundamental aspect of modern cosmology. After the Big Bang event our models of the universe 

suggest a rapidly expanding cosmos that cools as it expands. The 
assumption used to be that gravity would slow down the rate of 
expansion of the universe and, if there was sufficient mass in the 
universe, it could even cause the universe to ultimately collapse – 
otherwise it would continue expanding at a slowing rate forever. Our 
universe is not stable – it is continually evolving – and until recently the 
possibilities were considered to be as shown by the graph in Figure 13.58.

Einstein swiftly withdrew the cosmological constant from his original 
field equations and famously said that introducing it was his biggest 
blunder. Ironically, he might have been completely wrong because 
in 1998 two research teams independently came to the conclusion 
that the rate of expansion of the universe was not slowing but was 
actually increasing (not shown in Figure 13.58). Saul Perlmutter, Brian 
Schmidt and Adam Riess jointly received the Nobel prize for physics 
in 2011 for their work on measuring supernovae events. The most 
distant supernovae were dimmer than expected, suggesting that they 
were further away than a slowing expansion suggests they should be. 
The suggestion has been that space must be filled with a dark energy 
somewhat similar to Einstein’s cosmological constant.

1 Explain why it is so difficult to measure whether spacetime is curved or flat on cosmological scales.
2 Open, flat and closed universes have different outcomes. What are the likely outcomes for 

each type of universe?
3 Explain why the age of a universe also depends on whether the universe is open, flat or closed.
4 In cosmology, inflation theory also uses a similar concept to the cosmological constant to 

explain the large-scale structure of the universe from the quantum fluctuations of the early 
universe. What is inflation theory?
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flat (open) universe
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■■ Figure 13.58 The three simplest solutions to 

the general relativity field equations for the 

evolution of the universe with different mass/

energies

ToK Link
What other examples are there of initially doubted claims being proven correct later in history?
Although Einstein self-described the cosmological constant as his 
‘greatest blunder’, the 2011 Nobel prize was won by scientists who 
had proved it to be valid through their studies on dark energy. 

Students will no doubt be questioning what is required to prove 
that an idea is valid. Human understanding has been a succession 
of new models that are at first doubted and then, when increasing 
experimental data verifies them, acclaimed. Ideas such as evolution, 

plate tectonics, the spherical nature of the Earth, the theory 
of thermodynamics and even climate change have all initially 
challenged the established views and have had to overcome 
considerable doubt to become mainstream ideas. In contrast are 
claims that are appealing or appear to be commonsense and 
are therefore assumed to be valid without supporting evidence. 
Suggested areas of worthwhile discussion are educational learning 
styles, homeopathy and intelligent design.
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Summary of knowledge

■■ 13.1 The beginnings of relativity
■ Reference frames are systems of coordinates for different moving observers.
■ Newton’s postulates state that time ticks at a constant rate everywhere in the universe so 

that all observers agree on the time interval between two events.
■ ‘Simultaneous’ means that the events occur with no time interval between them.
■ Galilean transformation equations (x′ = x – vt and u′ = u – v) provide a means of 

transforming the coordinates of one reference frame to another.
■ Maxwell’s equations explain how electrical charges, magnets, electrical fields and magnetic 

fields interact.
■ Maxwell’s equations derive a constant value for the speed of light in a vacuum, which 

contradicts Newtonian physics.
■ The existence of electrical and magnetic forces on charges and currents moving through 

magnetic and electrical fields depends on the reference frame of the observer, which 
contradicts Newtonian physics.

■■ 13.2 Lorentz transformations
■ The definition of an inertial reference frame – a coordinate system that is neither accelerating 

nor experiencing a gravitational field.
■ The two postulates of special relativity – all inertial reference frames are equally valid; the 

speed of light in a vacuum is a constant for all inertial observers.
■ Clocks can be synchronised by a stationary observer standing midway between two 

stationary clocks using a flash to send a beam of light to each clock.
■ Events that are simultaneous for one observer do not have to be simultaneous for another observer.
■ Spacetime is the fundamental entwining of space and time so that relative motion affects an 

observer’s measurements and experience of both space and time.
■ Invariant quantities, that is quantities that are constant for all observers – the speed of light in a 

vacuum, spacetime interval, proper time interval, proper length and rest mass.
■ The spacetime interval is the separation between events in spacetime. 
■ The spacetime interval is an invariant quantity so it must be the same for all observers:

(Δs)2 = c2 (Δt)2 – (Δx)2

■ Rest mass, m0, is the mass of an object measured by an observer who is stationary relative to 
the object.

■ Proper time interval, Δt0, is the time measured between two events by an observer 
who experiences both events occurring in the same place in their coordinate system 
(reference frame).

■ Proper length, L0, is the length measured between two events by an observer who is not 
moving relative to the two events.

■ The Lorentz factor describes the scaling that occurs when transforming between one 
reference frame and another:

γ = 
1

√1– v2

c2
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■ Lorentz transformations describe mathematically how to change coordinates when moving 
from one inertial reference frame to another:

x′ = γ (x – vt)

t′ = γ (t – vx
c2)

■ Lorentz transformations can also be used to describe how the length between two events 
or the time interval between two events changes depending on the relative motion of the 
observer:

Δx′ = γ (Δx – vΔt)

Δt′ = γ (Δt – vΔx
c2 )

■ The lightyear, ly, is a unit of distance equal to the distance travelled by light in a vacuum for 
one year.

■ When transferring from one reference frame to another, relative speeds do not simply add up. 
Instead, the Lorentz velocity transformation equation must be used:

u′ = u – v
1– uv

c2

 

■ Time dilation is the stretching of time as a result of relative motion. The proper time interval 
is the shortest possible time interval between two events with all other observers measuring a 
longer time interval calculated from the equation:

Δt′ = γ Δt0

■ Length contraction is the shortening of the distance between two events due to relative 
motion. The proper length is the longest possible straight length between two events with all 
other observers measuring a contracted length calculated from the equation:

L = 
L0
γ

■ The muon-decay experiment provided one of the tests of special relativity. Muons are formed 
in the atmosphere as a result of collisions with cosmic rays. They have a very short half-life 
so, according to Newtonian physics, very few should reach the Earth’s surface. The numbers 
that do arrive correspond with the effects of time dilation and length contraction due to the 
muon’s high speed.

■■ 13.3 Spacetime diagrams
■ Spacetime diagrams represent the dimension of space, x, along the horizontal axis while 

the vertical axis represents either time or, more commonly, the speed of light in a vacuum 
multiplied by time, ct.

■ Events are represented as points on a spacetime diagram.
■ A line of events represents the path taken through spacetime by an object – this is called the 

object’s worldline.
■ For photons, the worldline is usually drawn at 45° and is sometimes called a lightline.
■ The gradient of a worldline is given by c/v.
■ The angle between a worldline and the vertical axis is given by:

θ = tan−1 v
c

■ A second reference frame can be represented on the same spacetime diagram, but the new ct′ 
axis is along the worldline of a particle that is at rest in this reference frame.

■ The new x′ axis mirrors the new ct′ axis along the lightline (the wordline of a photon).
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■ This produces a skewed pair of axes. Coordinates in this reference frame can be read from a 
skewed grid that is drawn parallel to the x′ and ct′ axes.

■ Although the background spacetime is the same for both reference frames, the scales on the 
original and the scaled axes are different.

■ Events that are simultaneous for one observer do not have to be simultaneous for observers 
in different reference frames. Events are simultaneous if they occur along the same grid line 
parallel with the x or x′ axis.

■ Time dilation and length contraction can be demonstrated on spacetime diagrams. 
■ The twin paradox was proposed as an argument against special relativity. It suggests that 

when two twins move rapidly apart from each other, each twin thinks it is stationary 
and that the other is moving, and so the time dilation effects appear to be indentical 
for each twin. The travelling twin then returns and the situation once again appears 
symmetrical.

■ The paradox is resolvable because the situation is not symmetrical. The travelling twin is not 
in a single inertial reference frame but changes from one inertial frame to another.

■■ 13.4 Relative mechanics
■ Rest mass and electrical charge are invariant quantities. Total mass can be calculated from 

the rest mass using the equation:
m = γ m0

■ Energy and mass are different aspects of the same thing. As an object gains energy it also 
gains mass. The amount of energy possessed by a stationary object is called its rest energy, 
which is calculated using the equation:

E0 = m0c2

■ Rest energy is an invariant quantity.
■ The total energy of an object is a combination of its rest energy and its kinetic energy. It is 

calculated using the equation:

E = γ m0c2

■ The total energy of a particle tends to infinity as the particle approaches the speed of light. 
Consequently it is impossible for a particle to reach or exceed the speed of light.

■ On a graph of total energy against velocity the y-intercept is the rest energy of the particle.  
A similar graph can be drawn comparing mass against velocity.

■ Kinetic energy can no longer be calculated using the equation Ek = 12 mv2; instead relativistic 
kinetic energies are calculated by subtracting the rest energy from the total energy:

Ek = (γ – 1)m0c2

■ At relativistic speeds the equation p = mv is no longer valid; instead the relativistic version of 
the equation must be used:

p = γ m0v

■ A particle’s total energy can also be calculated using the equation:

E2 = p2c2 + m0
2c4

■ When making relativistic calculations it is much simpler to use units written in terms of c. For 
energy these are still eV, keV, MeV and GeV. For mass these become: eV c−2, keV c−2, MeV c−2 
and GeV c−2. For momentum the units are: eV c−1, keV c−1, MeV c−1 and GeV c−1.

■ When particles are accelerated all the energy that they gain is regarded as kinetic energy. 
Therefore:

qV = ΔEk
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■ Photons have no rest mass but they do have momentum and energy. The links between a 
photon’s momentum, energy and frequency are given by the equation:

p = 
E
c  = 

hf
c  = 

h
λ

■■ 13.5 General relativity
■ The equivalence principle states that the physics is identical whether an observer is in an 

accelerating reference frame or in a gravitational field. This is useful because it means that 
what can be deduced about one situation must also be true in the other.

■ An observer in an accelerating reference frame will see a light beam curving. Consequently 
the equivalence principle means that light must also bend in a gravitational field.

■ The evidence for the gravitational bending of light and the gravitational distortion of 
spacetime is provided by gravitational lensing of distant stars by intervening massive galaxies 
and by the small shift in the position of stars when viewed close to the Sun during a solar 
eclipse.

■ Gravitational redshifting occurs to photons as they escape from a gravitational field. 
Gravitational blueshifting occurs when photons fall deeper into a gravitational field.

■ The amount of redshifting can be calculated from the following equation (g is still used as 
though the field is uniform):

Δf
f

 = 
gΔh
c2

■ The Pound–Rebka–Snider experiment used gamma rays produced by iron nuclei to measure 
the gravitational redshift. The gamma rays could only be absorbed by a source at a higher 
point when the gravitational redshift was cancelled by a Doppler blueshift caused by 
oscillating the surface.

■ The event horizon is the surface that joins the points where the escape speed matches the 
speed of light in a vacuum. The event horizon therefore marks the edge of the black hole. 
Inside light, information and matter are unable to escape into the rest of the universe.

■ Mass and energy stretch spacetime. When spacetime is stretched beyond a certain point 
light can no longer escape – the result is a black hole. For simple black holes that are neither 
electrically charged nor spinning, the radius of the event horizon is called the Schwarzschild 
radius and is given by the equation:

RS = 
2GM

c2

■ Gravitational fields also result in gravitational time dilation. The amount of time dilation 
close to a black hole can be calculated using the equation:

Δt = 
Δt0

√1 – RS/r
■ General relativity also predicts that the entire fabric of the universe may be distorted so that 

one or more dimensions are closed or circular.
■ The universe is unstable and cannot remain in a static state. The basic model of the cosmos 

suggests that gravity should cause the universe to slow down in its expansion and. If the 
universe has sufficient mass, it could collapse back on itself.

■ However, recent supernovae data suggest that the expansion rate is increasing.
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 ■ Examination questions – a selection
Paper 3 IB questions and IB style questions

Q1  This question is about the forces acting on moving charges. Two protons are virtually stationary in a 
laboratory and are placed 10−10 m apart.
a Draw a diagram of the two protons, labelling the principal forces acting on each proton. (2)
b The protons are now accelerated perpendicular to the line that separates them so that they travel 

through a vacuum with initially parallel velocities. Draw a second diagram to show the forces acting on 
the protons according to an observer in the laboratory reference frame. (3)

c Maxwell‘s equations predict that the speed of light through a vacuum should be constant. Explain why 
this contradicts the laws of Newtonian physics. (3)

Q2  This question is about relativistic kinematics. Speedy is in a spacecraft being chased by Police Officer Sylvester. 

Police Officer
Sylvester’s spacecraft 

Speedy’s spacecraft 

 In Officer Sylvester’s frame of reference, Speedy is moving directly towards Officer Sylvester at 0.25 c.
a Describe what is meant by a frame of reference. (2)
b Officer Sylvester switches on the blue flashing lamps on his police spacecraft.
 i  Assuming that a Galilean transformation applies to this situation, calculate the value of the speed of 

the light that Speedy would measure using the flashing lamps. (1)
 ii  Speedy measures the speed of the light emitted by the flashing lamps. Deduce, using the relativistic 

addition of velocities, that Speedy will obtain a value for the speed of light equal to c. (3)
c At a later time the police spacecraft is alongside Speedy’s spacecraft. The police spacecraft is overtaking 

Speedy’s spacecraft at a constant velocity.
 Officer Sylvester is at a point midway between the flashing lamps, both of which he can see. At the 

instant when Officer Sylvester and Speedy are opposite each other, Speedy observes that the blue lamps 
flash simultaneously.

 State and explain which lamp is observed to flash first by Officer Sylvester. (4)

Speedy

back lamp front lamp

Police Officer Sylvester
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d The police spacecraft is travelling at a constant speed of 0.5 c relative to Speedy’s frame of reference. The 
light from a flash of one of the lamps travels across the police spacecraft and is reflected back to the light 
source. Officer Sylvester measures the time taken for the light to return to the source as 1.2 × 10−8 s.

 i Outline why the time interval measured by Officer Sylvester is a proper time interval. (1)
 ii  Determine, as observed by Speedy, the time taken for the light to travel across the police spacecraft 

and back to its source. (3)
Q3 This question is about special relativity, simultaneity and length contraction.

a One of the two postulates of special relativity may be stated as: ‘The laws of physics are the same for all 
observers in inertial reference frames.’ State:

 i what is meant by an inertial frame of reference (1)
 ii the other postulate of special relativity. (1)
b In a thought experiment to illustrate the concept of simultaneity, Vladimir is standing on the ground 

close to a straight, level railway track. Natasha is in a railway carriage that is travelling along the railway 
track with constant speed, v, in the direction shown.

 Natasha is sitting on a chair that is equidistant from each end of the carriage. At either end of the 
carriage are two clocks, C1 and C2. Next to Natasha is a switch that, when operated, sends a signal to 
each clock. The clocks register the time of arrival of the signals. At the instant that Natasha and Vladimir 
are opposite each other, Natasha operates the switch. According to Natasha, C1 and C2 register the same 
time of arrival of each signal.

 Explain, according to Vladimir, whether or not C1 and C2 register the same time of arrival for  
each signal. (4)

C1 C2Natasha

Vladimir

v

c The speed, v, of the carriage is 0.70 c. Vladimir measures the length of the table at which Natasha is 
sitting to be 1.0 m.

 i Calculate the length of the table as measured by Natasha. (3)
 ii Explain which observer measures the proper length of the table. (1)
d According to Vladimir, a clock at rest in the railway carriage will appear to run slower than a clock at  

rest beside him. However, according to Natasha, Vladimir’s clock will run slower than a clock at rest 
beside her.

 i  Outline how this time dilation phenomenon leads to the ‘twin paradox’, in which one of the twins 
embarks on a return journey to a distant star at a speed close to that of light while the other twin 
remains on Earth. (3)

 ii State the reason behind the resolution of the paradox. (1)
e Evidence for time dilation comes from the decay of muons. A pulse of muons produced by cosmic 

radiation in the upper atmosphere of the Earth travels to Earth with a speed of 0.96 c as measured by 
an observer at rest on the surface of the Earth. The half-life of the muons, as measured in the frame of 
reference in which the muons are at rest, is 3.1 × 10−6 s.

 i  Determine, for the muons, the distance that Earth will have travelled towards them after half of the 
muons in the pulse have decayed. (1)

 ii  Calculate, for the Earth observer, the distance that the muon pulse will have travelled towards Earth 
after half of the muons in the pulse have decayed. (2)

f Suggest how your answers to e i and e ii provide evidence that supports the theory of special relativity.
 (3)
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Q4  This question is about spacetime diagrams. Look at the two spacetime diagrams below. The solid blue lines 
represent the worldlines of a muon that is formed at Event 1 and decays into two photons at Event 2.  
The two spacetime diagrams have been drawn so that they have identical scales although they start at 
different times.

Event 2
(x2, ct2)

S S’

Event 1
(x1, ct1)

ct

x

ct1

ct2

c∆t

75º

Event 2
(x’2, ct’2)

Event 1
(x’1, ct’1)

ct’

x’

ct1

ct2

c∆t’

a Which reference frame is the rest reference frame of the muon? (1)
b Which observer is measuring the proper time between the two events? Explain your answer. (2)
c Explain why the time interval Δt is different from the time interval Δt’. (3)
d The angle between the muon’s worldline and the x axis is 75°. Show that the speed of the muon 

according to an observer at rest in reference frame S is 0.27 c. (2)
e The muon exists for 2.2 μs according to the observer in reference frame S. How long a time interval  

does the muon exist for according to the observer in reference frame S’? (3)
f The muon decays into an electron, a neutrino and an antineutrino. In this experiment the electron is 

virtually stationary. Draw the worldlines of the neutrino and the antineutrino if they travel in opposite 
directions along the x’ dimension at virtually the speed of light. (3)

Q5  This question is about spacetime diagrams and relativistic velocity transformations. It refers to the 
spacetime diagram below, which draws the reference frames A and B on the same diagram.

(0,0)

Event 0

Event 1

ct

A

B

x

x’

ct’

a What is meant by spacetime? (1)
b Are events 0 and 1 simultaneous? Explain your answer. (3)
c By taking measurements from the diagram, estimate the speed of B according to A. (3)
d A third observer, C, is also present at event 0. According to observer B, C moves after A with a 

velocity of 0.300 c. Using your answer to b, calculate C’s speed according to observer A. (3)
e Draw the worldline for C onto the spacetime diagram. (3)
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Higher level only

Q6  This question is about protons travelling around a circular particle ring accelerator. Protons are accelerated 
from rest through a voltage of 300 000 kV before being injected into a particle accelerator ring.
a Calculate the speed of the protons as they are injected into the ring. (3)
b Show that the momentum of the protons is approximately 0.8 GeV c −1. (3)
c The protons are then accelerated in two beams travelling in opposite directions around the ring and are 

accelerated up to a speed of 0.97 c before colliding. On the axes below sketch the worldline of one of 
the protons as it orbits the accelerator ring at 0.97 c drawn from the reference frame of the laboratory. 
The dotted lines represent lightlines. (3)

d Calculate the total energy available when two protons travelling in opposite directions collide. (3)
e According to an observer in the reference frame of one of the protons, how fast is the other proton 

approaching? (3)
Q7 This question is about relativistic energy and momentum.

a Particle A is at rest with respect to an observer. Another identical particle, B, is moving with respect to 
the observer. Distinguish between the total energy of particle A and the total energy of particle B as 
measured by the observer. (2)

b Two protons are travelling towards each other along the same straight line in a vacuum.
 The speed of each proton, as measured in the laboratory frame of reference, is 0.960 c.

0.960 c 0.960 c

p+p+

 i Calculate the relative speed of one proton with respect to the other proton. (2)
 ii  Show that the total energy of one of the protons, according to an observer at rest in the laboratory,  

is 3.35 GeV. (2)
c The collision of the two protons results in the following reaction:

    p+ + p+ = p+ + n0 + π+

 where π+ is a particle called a pion and has a rest mass of 140 MeV c −2. The total energy of the pion is 
502 MeV. Determine, according to an observer at rest in the laboratory:

 i the total energy of the proton formed plus the total energy of the neutron formed by the collision (2)
 ii the momentum of the pion. (2)
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d The diagram shows the paths followed by the neutron and pion in c.
 The dotted line shows the path of the original collision of the protons in b. On the diagram, draw the 

direction of the proton formed in the collision. (1)

n0

π+

Q8  This question is about time dilation of GPS satellites. A GPS satellite travels in a circular orbit around the 
Earth with an orbital radius of 20.4 × 103 km so that it is travelling at 4.42 km s−1. (MEarth = 5.98 × 1024 kg, 
rEarth = 6.37 × 106 m.)
a The clocks in the GPS satellites experience time dilation relative to the clocks on the Earth’s surface. 

Describe what is meant by the term time dilation. (2)
b Calculate:
 i the fraction of the speed of light that the satellite is travelling (1)
 ii the Lorentz factor at this speed. (2)
c Using Lorentz transformations, show that the time recorded by the satellite due to its relative motion  

will run approximately 7 × 10−6 s slow every 24.0 hours. (2)
d With the aid of a diagram describe and explain what is meant by the term ‘gravitational blueshift’. (3)
e According to general relativity the clocks in the GPS satellites run faster than clocks on the Earth’s 

surface.
 i  Assume that g = 9.81 ms−1. Use the gravitational redshift equation to estimate the difference in 

the time measured by the GPS satellites after 1 second measured on Earth. (3)
 ii  In 24 hours, by how much do clocks in the GPS satellites run fast relative to those on Earth, due to 

general relativistic effects? (1)
Q9 The diagram below illustrates the distortion of space by the gravitational field of a black hole.

 

a i Describe what is meant by the centre and the surface of a black hole. (3)
 ii With reference to your answer in a i, define the ‘Schwarzschild radius’. (1)
 iii Calculate the Schwarzschild radius for an object having a mass of 2.0 × 1031 kg (ten solar masses). (2)
 iv    Science fiction frequently portrays black holes as objects that ‘swallow’ everything in the universe. A 

spacecraft is travelling towards the object in a iii such that, if it continues in a straight line, its distance 
of closest approach would be about 107 m. By reference to the diagram and your answer in a iii, 
suggest whether the fate of the spacecraft is consistent with the fate as portrayed in science fiction.
 (2)

b In 1979, Walsh, Carswell and Weymann discovered ‘two’ very distant quasars separated by a small 
angle. Spectroscopic examination of the images showed that they were identical. Outline how these 
observations give support to the theory of general relativity. (2)
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