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4

Sequences and series

Population,
when
unchecked,
increases in a
geometrical
ratio.
Subsistence
increases
only in an
arithmetical
ratio. A slight
acquaintance
with numbers
will show the
immensity of
the first power
in comparison
with the second.
Thomas Malthus
(1766–1834)

© Dmitry Nikolaev - Fotolia
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▲ Figure 4.1 Human population, 1600–2050 A.D. (projections shown by red crosses)
1

?

What was the approximate world population when Malthus made his
PS
famous statement that is quoted here?
Look at the graph and comment on whether things are turning out the
way he predicted. What other information would you find helpful in
answering this question?

4

4.1 Deﬁnitions and notation
4.1 Deﬁnitions and notation

A sequence is a set of numbers in a given order, like
1, 1, 1, 1 , ….
2 4 8 16
Each of these numbers is called a term of the sequence. When writing the
terms of a sequence algebraically, it is usual to denote the position of any term
in the sequence by a subscript, so that a general sequence might be written:
u1, u2, u3, …, with general term uk.

1

1

For the sequence above, the first term is u1 = 2, the second term is u2 = 4 , and
so on.
When the terms of a sequence are added together, like
1 + 1 + 1 + 1 +…
2 4 8 16
the resulting sum is called a series. The process of adding the terms together
(the Greek letter sigma),
is called summation and indicated by the symbol
with the position of the first and last terms involved given as limits.

∑

k =5

So u1 + u2 + u3 + u4 + u5 is written

∑

5

u k or

k =1

∑ uk .
k =1

In cases like this one, where there is no possibility of confusion, the sum would
5

normally be written more simply as

∑ u k.
1

If all the terms were to be summed, it would usually be denoted even more
simply, as u k , or even u k .

∑

∑

k

A sequence may have an infinite number of terms, in which case it is called
an infinite sequence. The corresponding series is called an infinite series.
In mathematics, although the word series can describe the sum of the terms
of any sequence, it is usually used only when summing the sequence provides
some useful or interesting overall result.
This series has a
For example:
ﬁnite number of
(1 + x)5 = 1 + 5x + 10x 2 + 10x 3 + 5x 4 + x 5


( −1) ( −1) + 7 ( −31) + …

π = 2 3 1 +
+5
3
3


2

3

terms (6).

This series has an
inﬁnite number of
terms.
2
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The phrase ‘sum of a sequence’ is often used to mean the sum of the terms of
a sequence (i.e. the series).

4.2 Arithmetic progressions

▲ Figure 4.2

)
)
)

Any ordered set of numbers, like the scores of this golfer in an 18-hole
round (see Figure 4.2) form a sequence. In mathematics, we are particularly
interested in those sequences that have a well-defined pattern, often in the
form of an algebraic formula linking the terms.
A sequence in which the terms increase by the addition of a fixed amount (or
decrease by the subtraction of a fixed amount), is described as arithmetic.
The increase from one term to the next is called the common difference.
Thus the sequence 5 8 11 14 … is arithmetic with common difference 3.
+3 +3 +3
This sequence can be written algebraically as
uk = 2 + 3k for k = 1, 2, 3, …

This version has the advantage
that the right-hand side begins
with the ﬁrst term of the
sequence.

When k = 1, u1 = 2 + 3 = 5
k = 2, u2 = 2 + 6 = 8
k = 3, u3 = 2 + 9 = 11
and so on.
(An equivalent way of writing this is uk = 5 + 3(k − 1) for k = 1, 2, 3, … .)
As successive terms of an arithmetic sequence increase (or decrease) by a fixed
amount called the common difference, d, you can define each term in the
sequence in relation to the previous term:
uk+1 = uk + d.
When the terms of an arithmetic sequence are added together, the sum is
called an arithmetic progression, often abbreviated to A.P. An alternative
name is an arithmetic series.

3

Notation
When describing arithmetic progressions and sequences in this book, the
following conventions will be used:
first term, u1 = a
number of terms = n
last term, un = l
common difference = d
the general term, uk, is that in position k (i.e. the k th term).

4.2 Arithmetic progressions

»
»
»
»
»

4

Thus in the arithmetic sequence 5, 7, 9, 11, 13, 15, 17
a = 5, l = 17, d = 2 and n = 7.
The terms are formed as follows.
u1 = a
u2 = a + d
u3 = a + 2d
u4 = a + 3d
u5 = a + 4d
u6 = a + 5d
u7 = a + 6d

=5
=5+2
=5+2×2
=5+3×2
=5+4×2
=5+5×2
=5+6×2

=7
=9
= 11
= 13
= 15
= 17

The 7th term is the 1st
term (5) plus six times the
common difference (2).

You can see that any term is given by the first term plus a number of
differences. The number of differences is, in each case, one less than the
number of the term.You can express this mathematically as
uk = a + (k − 1)d.
For the last term, this becomes
l = a + (n − 1)d.
These are both general formulae that apply to any arithmetic sequence.
Example 4.1

Find the 17th term in the arithmetic sequence 12, 9, 6, … .

Solution
In this case a = 12 and d = −3.
Using

uk = a + (k − 1)d, you obtain
u17 = 12 + (17 − 1) × (−3)
= 12 − 48
= −36.

The 17th term is −36.

4

4

Example 4.2

How many terms are there in the sequence 11, 15, 19, …, 643?

Solution
This is an arithmetic sequence with first term a = 11, last term l = 643 and
common difference d = 4.
l
643
⇒
4n
⇒
n
There are 159 terms.

4 SEQUENCESANDSERIES

Using the result

= a + (n − 1)d, you have
= 11 + 4(n − 1)
= 643 − 11 + 4
= 159.

Note
The relationship l = a + (n − 1)d may be rearranged to give

n = l – a +1
d
This gives the number of terms in an A.P. directly if you know the ﬁrst term,
the last term and the common difference.

The sum of the terms of an arithmetic progression
When Carl Friederich Gauss (1777−1855) was at school he was always quick
to answer mathematics questions. One day his teacher, hoping for half an
hour of peace and quiet, told his class to add up all the whole numbers from
1 to 100. Almost at once the 10-year-old Gauss announced that he had done
it and that the answer was 5050.
Gauss had not of course added the terms one by one. Instead he wrote the
series down twice, once in the given order and once backwards, and added
the two together:
S = 1 + 2 + 3 + … + 98 + 99 + 100
S = 100 + 99 + 98 + … + 3 + 2 + 1.
Adding, 2S = 101 + 101 + 101 + … + 101 + 101 + 101.
Since there are 100 terms in the series,
2S = 101 × 100
S = 5050.
The numbers 1, 2, 3, … , 100 form an arithmetic sequence with a common
difference of 1. Gauss’ method can be used for finding the sum of any
arithmetic series.
It is common to use the letter S to denote the sum of a series. When there is
any doubt as to the number of terms that are being summed, this is indicated
by a subscript: S 5 indicates five terms, Sn indicates n terms.
Further content, including worked examples, omitted from sample.
5

Exercise 4A

1 Are the following sequences arithmetic?

If so, state the common difference and the seventh term.
(i) 27, 29, 31, 33, … (ii) 1, 2, 3, 5, 8, …
(iii) 2, 4, 8, 16, …
(iv) 3, 7, 11, 15, …

4

(v) 8, 6, 4, 2, …

2 The first term of an arithmetic sequence is −8 and the common difference

is 3.

Find the seventh term of the sequence.

(ii)

The last term of the sequence is 100.
How many terms are there in the sequence?

4.2 Arithmetic progressions

(i)

3 The first term of an arithmetic sequence is 12, the seventh term is 36 and

the last term is 144.
(i)
(ii)

Find the common difference.
Find how many terms there are in the sequence.

4 There are 20 terms in an arithmetic progression.

The first term is −5 and the last term is 90.
(i)
(ii)

Find the common difference.
Find the sum of the terms in the progression.

5 The kth term of an arithmetic progression is given by

uk = 14 + 2k.
(i)
(ii)

Write down the first three terms of the progression.
Calculate the sum of the first 12 terms of this progression.

6 Below is an arithmetic progression.

120 + 114 + … + 36
(i)
(ii)

How many terms are there in the progression?
What is the sum of the terms in the progression?

7 The fifth term of an arithmetic progression is 28 and the tenth term is 58.
(i)
(ii)

Find the first term and the common difference.
The sum of all the terms in this progression is 444.
How many terms are there?

8 The sixth term of an arithmetic progression is twice the third term, and

the first term is 3. The sequence has ten terms.
(i)
(ii)

Find the common difference.
Find the sum of all the terms in the progression.

6

9

4

(i) Find the sum of all the odd numbers between 50 and 150.
(ii) Find the sum of all the even numbers from 50 to 150, inclusive.
(iii) Find the sum of the terms of the arithmetic sequence with first

term 50, common difference 1 and 101 terms.
(iv) Explain the relationship between your answers to parts (i), (ii) and (iii).
10 The first term of an arithmetic progression is 3000 and the tenth term is

1200.
4 SEQUENCESANDSERIES

(i)
(ii)

Find the sum of the first 20 terms of the progression.
After how many terms does the sum of the progression become
negative?

11 An arithmetic progression has first term −3 and common difference 6.
(i)
(ii)

M

12 Paul’s starting salary in a company is $14 000 and during the time he stays

with the company it increases by $500 each year.
(i)
(ii)

M

What is his salary in his sixth year?
How many years has Paul been working for the company when his
total earnings for all his years there are $126 000?

13 A jogger is training for a 10 km charity run. He starts with a run of 400 m;

then he increases the distance he runs by 200 m each day.
(i)
(ii)

PS

Write down a formula for the nth term of the progression.
Which term of the progression equals 117?
Write down a formula for the sum of the first n terms of the
progression.
How many terms of the progression are required to give a sum
equal to 1725?

How many days does it take the jogger to reach a distance of 10 km
in training?
What total distance will he have run in training by then?

14 A piece of string 10 m long is to be cut into pieces, so that the lengths of

the pieces form an arithmetic sequence.
(i)
(ii)

The lengths of the longest and shortest pieces are 1 m and 25 cm
respectively; how many pieces are there?
If the same string had been cut into 20 pieces with lengths that
formed an arithmetic sequence, and if the length of the second
longest had been 92.5 cm, how long would the shortest piece have
been?

15 The 11th term of an arithmetic progression is 25 and the sum of the first

4 terms is 49.
Find the first term of the progression and the common difference.
The nth term of the progression is 49.
(ii) Find the value of n.
(i)

7

M

16 Following knee surgery, Ivete has to do squats as part of her physiotherapy

programme.
Each day she must do 4 more squats than the day before. On the seventh
day she did 24 squats.
Calculate how many squats Ivete completed:
(i) on the first day
(ii)

4

in total by the end of the seventh day
4.2 Arithmetic progressions

(iii) in total by the end of the nth day
(iv) in total from the end of the nth day to the end of the 2nth day.

Simplify your answer.
17 The first term of an arithmetic progression is 6 and the fifth term is 12.

The progression has n terms and the sum of all the terms is 90. Find the
value of n.
[Cambridge AS & A Level Mathematics 9709, Paper 1 Q3 November 2008]

8

This resource is endorsed by
Cambridge Assessment International Education

✓ Supports the full AS & A Level Mathematics
syllabus (9709) for examination from 2020
rigorous quality-assurance process

✓ Developed by subject experts
✓ For Cambridge schools worldwide
This textbook is written for the latest Cambridge
International AS & A Level Mathematics syllabus
(9709).
We are working with Cambridge Assessment
International Education to gain endorsement for
this forthcoming series.
king for ove
For over 25 years we have
or
r
been trusted by Cambridge
25
YEARS
schools around the world to
es
ti
s
provide quality support for
ment Interna
teaching and learning. For
this reason we have been selected by
Cambridge Assessment International
Education as an official publisher of
endorsed material for their syllabuses.

Sign up for a free trial – visit: www.hoddereducation.co.uk/dynamiclearning

ducation

al E

WITH

on

ss

This book is fully supported by Dynamic Learning – the online
subscription service that helps make teaching and learning easier.
Dynamic Learning provides unique tools and content for:
●● front-of-class teaching
●● streamlining planning and sharing lessons
●● focused and flexible assessment preparation
●● independent, flexible student study

m bridge A

Dynamic Learning

Ca

» Improve confidence as a mathematician with
clear explanations, worked examples, diverse
activities and engaging discussion points.
» Advance problem-solving, interpretation and
communication skills through a wealth of
questions that promote higher-order thinking.
» Prepare for further study or life beyond the
classroom by applying mathematics to other
subjects and modelling real-world situations.
» Reinforce learning with opportunities for digital
practice via links to the Mathematics in Education
and Industry’s (MEI) Integral platform.
This book covers the syllabus content for Pure
Mathematics 1, including quadratics, functions,
coordinate geometry, circular measure,
trigonometry, series, differentiation and integration.

✓ H as passed Cambridge International’s

W

Take mathematical understanding to the next level
with this accessible series, written by experienced
authors, examiners and teachers.

Ca
ss

sm

WITH

al E

YEARS

es

on

m bridge A

SAMPLE MATERIAL

25

ducation

W

king for ove
or
r

ent Intern

i
at

Cambridge
International AS & A Level

Mathematics

Pure
Mathematics 2 & 3
Second edition

Sophie Goldie
Series editor: Roger Porkess

Help students to deepen their mathematical understanding with
our series for the latest Cambridge International AS & A Level
Mathematics syllabus.
Student Books are supported by a Workbook, as well as by Student
and Whiteboard eTextbook editions.
Student Book
March 2018

Student eTextbook
April 2018

Whiteboard
eTextbook
March 2018

Workbook
June 2018

Pure Mathematics 1

9781510421721

9781510420762

9781510420779

9781510421844

Pure Mathematics
2 and 3

9781510421738

9781510420854

9781510420878

9781510421851

Mechanics

9781510421745

9781510420953

9781510420977

9781510421837

Probability
& Statistics 1

9781510421752

9781510421066

9781510421097

9781510421875

Probability
& Statistics 2

9781510421776

9781510421158

9781510421165

9781510421882

The digital components are available via our Dynamic Learning
platform.
To find out more and sign up for a free, no obligation Dynamic
Learning Trial, visit www.hoddereducation.com/dynamiclearning.

Also publishing from March 2018 for the new Cambridge International
AS & A Level syllabuses for examination from 2020:

To find your local agent please visit www.hoddereducation.com/agents
or email international.sales@hoddereducation.com

Contents
I ntroduction
How to use this book
The Cambridge International AS & A Level
Mathematics 9709 syllabus

1

Algebra

2

Logarithms and exponentials

3

Trigonometry

4

Differentiation

5

Integration

6

Numerical solutions of equations

7

Further algebra

8

Further calculus

9

Differential equations

10 Vectors
11 Complex numbers
 nswers
A
Index

Cover photo © Shutterstock/chatgunner

2 LOGARITHMSANDEXPONENTIALS

2
Example 2.9

Logarithms and
exponentials
Make p the subject of ln(p) – ln(1 – p) = t.

Solution
p 
=t
ln 
1 – p 
Writing both sides as powers of e gives
e

ln

( )
p
1– p

= et

p
t
1– p = e
p = et(1 – p)
p = et – pet
p + pet = et
p(1 + et ) = et
t
p= e t
1+ e

Using log a – log b = log ( a– )
b

Remember eln x = x

⇒

Example 2.10

Solve these equations.
ln (x – 4) = ln x – 4
e2x + ex = 6

(i)
(ii)

Solution
(i)

1

ln (x – 4) = ln x – 4
⇒ x – 4 = eln x−4
x – 4 = elnx e−4
x – 4 = x e−4
Rearrange to get all the x terms on one side:
x – x e−4 = 4
x(l – e−4) = 4
x = 4 −4
1− e
So
x = 4.07

(ii)

e2x + ex = 6 is a quadratic equation in ex.
Substituting u = ex:

Exercise 2C

2
Exercise 2C

u2 + u = 6
2
So
u +u−6=0
Factorising: (u − 2)(u + 3) = 0
So u = 2 or u = −3.
Since u = ex then ex = 2 or ex = −3.
ex = −3 has no solution.
ex = 2 ⇒ x = ln 2
So
x = 0.693

1 Make x the subject of ln x – ln x0 = kt.
2 Make t the subject of s = s0e –kt.
3 Make p the subject of ln p = –0.02t.
4 Make x the subject of y – 5 = (y0 – 5)e x.
5 Solve these equations.

ln(3 – x) = 4 + ln x
(ii) ln(x + 5) = 5 + ln x
(iii) ln(2 – x) = 2 + ln x
4
(iv) e x = x
e
(v) e2x – 8e x + 16 = 0
(vi) e2x + e x = 12
6 A colony of humans settles on a previously uninhabited planet. After t
years, their population, P, is given by P = 100 e0.05t.
(i) Sketch the graph of P against t.
(ii) How many settlers land on the planet initially?
(iii) What is the population after 50 years?
(iv) How long does it take the population to reach 1 million?
7 The height h metres of a species of pine tree t years after planting is
modelled by the equation h = 20 – 19 × 0.9t.
(i) What is the height of the trees when they are planted?
(ii) Calculate the height of the trees after 2 years, and the time taken
for the height to reach 10 metres.
The relationship between the market value $y of the timber from the tree
and the height h metres of the tree is modelled by the equation y = ahb,
where a and b are constants.
(i)

M

2

2

The diagram shows the graph of ln y plotted against ln h.
ln y
5
4

2 LOGARITHMSANDEXPONENTIALS

3
2
1
0

0.5

1

1.5

2

2.5

ln h

–1
–2

(iii) Use the graph to calculate the values of a and b.
(iv) Calculate how long it takes to grow trees worth $100.
8 It is given that ln(y + 5) − ln y = 2 ln x. Express y in terms of x, in a form

not involving logarithms.

[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q2 November 2009]

x

9 Given that (1.25)x = (2.5)y, use logarithms to find the value of y correct to

3 significant figures.

[Cambridge International AS & A Level Mathematics 9709, Paper 2 Q1 June 2009]

10 Solve, correct to 3 significant figures, the equation

ex + e2x = e3x.
[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q2 June 2008]

11 Two variable quantities x and y are related by the equation y = Axn, where

A and n are constants. The diagram shows the result of plotting ln y against
ln x for four pairs of values of x and y. Use the diagram to estimate the
values of A and n.
ln y
2

1

0
3

1

2

3 ln x

[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q2 November 2005]

12 Solve the equation ln(2 + e−x) = 2, giving your answer correct to 2

decimal places.

[Cambridge International AS & A Level Mathematics 9709, Paper 3 Q1 June 2009]

13

ln y

2

(5, 2.92)

(2, 1.60)

Exercise 2C

O

x

The variables x and y satisfy the equation
y = Ae p(x−1)
where A and p are constants.
The graph of ln y against x is a straight line passing through the points
(2, 1.60) and (5, 2.92) as shown in the diagram. Find the values of A and p
correct to 2 significant figures.
[Cambridge International AS & A Level Mathematics 9709, Paper 21 Q2 June 2015]

KEY POINTS
1
2
3

4

A function of the form ax is described as exponential.
y = log a x ⇔ ay = x.
Logarithms to any base
Multiplication:
log xy = log x + log y
x
Division:
log  y  = log x − log y
 
Logarithm of 1:
log 1 = 0
Powers:
log x n = n log x
Reciprocals:
log  1y  = −log y
 
1
n
Roots:
log x = n log x
Logarithm to its own base: loga a = 1
Logarithms may be used to discover the relationship between the
variables in two types of situation.
y = kx n ⇔ log y = log k + n log x
Plot log y against log x : this relationship gives a straight line where n
is the gradient and log k is the intercept.
y = ka x ⇔ log y = log k + x log a
Plot log y against x: this relationship gives a straight line where log a is
the gradient and log k is the intercept.
4

2

5
6
7

2 LOGARITHMSANDEXPONENTIALS

8

5

1

∫ x dx = log |x| + c.
e

logex is called the natural logarithm of x and denoted by ln x.
e = 2.718 281 828 4… is the base of natural logarithms.
ex and ln x are inverse functions: eln x = x and ln(ex) = x.

LEARNING OUTCOMES
Now that you have finished this chapter, you should be able to
■ sketch graphs of exponential functions
■ showing where the graph crosses the y-axis
■ showing the horizontal asymptote
■ know the difference in the shape of y = ax when a < 1 and a >1
■ use exponential models for real-life situations
■ understand that the logarithm function is the inverse of the exponential
function
■ use the laws of logarithms
■ to rewrite combinations of logs as the log of a single expression
■ to split up a single logarithm into a combination of logarithms
■ sketch the graphs of logarithmic functions
■ use logarithms to solve equations and inequalities with an unknown
power
■ use the number e and the exponential function in context
■ sketch transformations of the graph of y = ex
■ understand and use the natural logarithm function
■ rewrite log statements as exponential statements and vice versa
■ sketch transformations of the graph of y = ln x
■ model curves by plotting ln y against ln x for curves of the form
y = kxn using the gradient and intercept of the new graph to find the
values of k and n
■ model curves by plotting ln y against x for curves of the form y = kax
using the gradient and intercept of the new graph to find the values of
k and a.
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2 THECONSTANTACCELERATIONFORMULAE

2
The poetry of
motion! The
real way to
travel! The only
way to travel!
Here today –
in next week
tomorrow!
Villages
skipped,
towns and
cities jumped
– always
somebody
else’s horizon!
0 bliss! 0 pooppoop! 0 my!
Kenneth
Grahame (The
Wind in the
Willows)

The constant acceleration
formulae

© Shutterstock/pmphoto

2.1 Setting up a mathematical model

© Shutterstock / Laralova
▲ Figure 2.1
1

Figure 2.1 shows a map of railway lines around Avonford. Which of the
following statements can you be sure of just by looking at this map?
(i) Dolor is on the line from Avonford to Felis.
(ii)

?

2

The line from Ultricies to Commodo runs North-East.

(iii) The line through Lectus, Blandit, Massa and Nunc goes round

a perfect circle.
(iv) Libero is a transfer station.
2.1 Setting up a mathematical model

This is a diagrammatic model of the railway system which gives essential,
though by no means all, the information you need for planning train
journeys.You can be sure about the places a line passes through but distances
and directions are only approximate.You can therefore say that statements (i)
and (iv) above are true, but you cannot be certain about statements (ii) or (iii).

Making simplifying assumptions
When setting up a model, you first need to decide what is essential. For
example, what would you take into account and what would you ignore
when considering the motion of a car travelling from San Francisco to Los
Angeles?
You will need to know the distance and the time taken for parts of the
journey, but you might decide to ignore the dimensions of the car and the
motion of the wheels.You would then be using the idea of a particle to
model the car. A particle has no dimensions.
You might also decide to ignore the bends in the road and its width, and so
treat it as a straight line with only one dimension. A length along the line
would represent a length along the road in the same way as a piece of thread
following a road on a map might be straightened out to measure its length.
You might decide to split the journey up into parts and assume that the
speed is constant over these parts.
The process of making decisions like these is called making simplifying
assumptions and is the first stage of setting up a mathematical model of
the situation.

Defining the variables and setting up the equations
The next step in setting up a mathematical model is to define the variables
with suitable units. These will depend on the problem you are trying to solve.
Suppose you want to know where you ought to be at certain times in order
to maintain a good average speed between San Francisco and Los Angeles.
You might define your variables as follows:
» the total time since the car left San Francisco is t hours
» the distance from San Francisco at time t is x km
» the average speed up to time t is v km h–1.
2

2 THECONSTANTACCELERATIONFORMULAE

2

Then, at Kettleman City, t = t1 and x = x1 etc.
You can then set up equations and go through the mathematics required
to solve the problem. Remember to check that your answer is sensible. If it
isn’t, you might have made a mistake in your arithmetic or your simplifying
assumptions might need reconsideration.
The theories of mechanics that you will learn about in this course, and
indeed any other studies in which mathematics is applied, are based on
mathematical models of the real world. When necessary, these models can
become more complex as your knowledge increases.
The simplest form of the San Francisco to Los Angeles model assumes
that the speed remains constant over sections of the journey. Is this
reasonable?

?

For a much shorter journey, you might need to take into account changes
in the speed of the car. This chapter develops the mathematics required
when an object can be modelled as a particle moving in a straight line
with constant acceleration. In most real situations this is only the case
for part of the motion – you wouldn’t expect a car to continue accelerating
at the same rate for very long – but it is a very useful model to use as a first
approximation over a short time.

2.2 The constant acceleration
formulae
velocity
(m s–1)
24
20
16
12
8
4

© photoclicks/Fotolia

0

1 2 3 4 5 6 7 8 9 10

time (s)

▲ Figure 2.2

The velocity–time graph in Figure 2.2 shows part of the motion of a car
on a fairground ride as it picks up speed. The graph is a straight line so the
velocity increases at a constant rate and the car has a constant acceleration
which is equal to the gradient of the graph.
The velocity increases from 4 m s–1 to 24 m s–1 in 10 s so its acceleration is
24 − 4 = 2 m s –2 .
10
3

In general, when the initial velocity is u m s–1
and the velocity a time t s later is
v m s–1, as in Figure 2.3, the increase in
velocity is (v − u) m s–1 and the constant
acceleration a m s–2 is given by
v −u
= a
t
So

v
u

t
time

O

▲ Figure 2.3

1


The area under the graph represents the
distance travelled. For the fairground car,
(Figure 2.2) that is represented by a trapezium
of area

velocity
v

v

u

( 4 + 24 )
× 10 = 140 m.
2
O
In the general situation, the area represents
the displacement s metres and from Figure 2.4 ▲ Figure 2.4
this is
s =

2

u

2.2 The constant acceleration formulae

v − u = at
v = u + at

velocity
v

time

t

(u + v )
×t
2

2


?
2 , can be used as formulae for solving
1 and 
The two equations, 
problems when the acceleration is constant. Check that they work for the
fairground ride.

There are other useful formulae as well. For example, you might want to
find the displacement, s, without involving v in your calculations. This can be
done by looking at the area under the velocity–time graph in a different way,
using the rectangle R and the triangle T (see Figure 2.5).
AC = v and BC = u
so
AB = v − u
= at from equation
total area = area of R + area of T
1
so
s = ut + × t × at
2
Giving s = ut + 1 at 2
2

velocity
1


A

v

t

u
3


R
O

t

T

v

u

at

B
u
C

time

▲ Figure 2.5

4

To find a formula that does not involve t, you need to eliminate t. One way
1 and 
2 as
to do this is first to rewrite equations 
2s
v − u = at
and
v+u= t

2

and then multiplying them gives

2 THECONSTANTACCELERATIONFORMULAE

2s
(v − u)(v + u) = at ×
t
v 2 − u 2 = 2as
v 2 = u 2 + 2as

4


1 to 
4 before. They are sometimes called
You might have seen equations 
the suvat equations or formulae and they can be used whenever an object
can be assumed to be moving with constant acceleration.

When solving problems it is important to remember the requirement
for constant acceleration and also to remember to specify positive and
negative directions clearly.

Example 2.1

A bus leaving a bus stop accelerates at 0.8 m s−2 for 5 s and then travels at a
constant speed for 2 minutes before slowing down uniformly at 0.4 m s−2 to
come to rest at the next bus stop. Calculate
(i) the constant speed
the distance travelled while the bus is accelerating

(ii)

(iii) the total distance travelled.

Solution
(i)

Figure 2.6 shows the information for the first part of the motion.
acceleration
velocity
time
distance

0.8 m s –2
0 m s–1
A

v m s –1
5s

B

s1 m

▲ Figure 2.6

Let the constant speed be v m s−1.
u = 0, a = 0.8, t = 5, so use v = u + at
v = 0 + 0.8 × 5
Want v
=4
−1
know u = 0, t = 5, a = 0.8
The constant speed is 4 m s .

5

v2 = u2 + 2as



v = u + at



Let the distance travelled be s1 m.

(ii)

u = 0, a = 0.8, t = 5, so use s = ut + at
s1 = 0 + 21 × 0.8 × 52
= 10
The bus accelerates over 10 m.
1
2

2

Use the sufﬁx
‘1’ because
there are three
distances to be
found in this
question.

2

(iii) The diagram gives all the information for the rest of the journey.

acceleration
velocity
time

distance

B

– 0.4 m s–2

0 m s –2
4 m s –1

4 m s–1

120 s

C

s2 m

2.2 The constant acceleration formulae

velocity decreases so
acceleration is negative

0 m s–1
ts

s3 m

D

▲ Figure 2.7

Between B and C the velocity is constant so the distance
travelled is 4 × 120 = 480 m.
Want s
Let the distance between C and D be s3 m.
know u = 4, a = –0.4, v = 0
u = 4, a = −0.4, v = 0, so use v 2 = u 2 + 2as
v = u + at

0 = 16 + 2(−0.4)s3
s = ut+ 21 at 2 
0.8s3 = 16
s = 21 (u + v)t 
s3 = 20
v 2 = u 2 + 2as 
Distance taken to slow down = 20 m
The total distance travelled is (10 + 480 + 20)m = 510m.
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5 PERMUTATIONSANDCOMBINATIONS

5
An estate had
seven houses;
Each house
had seven cats;
Each cat ate
seven mice;
Each mouse
ate seven
grains of
wheat.
Wheat grains,
mice, cats and
houses,
How many
were there on
the estate?
Ancient Egyptian
problem

Permutations and
combinations

© Tom Grundy /123RF.com
ProudMum
My son is a genius!
I gave Oscar five bricks and straightaway he
did this!
Is it too early to enrol him with MENSA?

© Emma Lee / Alamy Stock Photo
▲ Figure 5.1

1

What is the probability that Oscar chose the bricks at random and just
happened by chance to get them in the right order?
There are two ways of looking at the situation.You can think of Oscar
selecting the five bricks as five events, one after another. Alternatively you
can think of 1, 2, 3, 4, 5 as one outcome out of several possible outcomes and
work out the probability that way.

Five events

5

Look at the diagram.
1

2

3

4

5

▲ Figure 5.2

If Oscar had actually chosen them at random:
the probability of next selecting 2 is 41

5.1 Factorials

1 correct choice
from 4 remaining
bricks.

the probability of first selecting 1 is 51

the probability of next selecting 3 is 13
the probability of next selecting 4 is 21
then only 5 remains so the probability of selecting it is 1.
So the probability of getting the correct numerical sequence at random is
1× 1 × 1 × 1 ×1 = 1 .
5 4 3 2
120

Outcomes
How many different ways are there of putting five bricks in a line?
To start with there are five bricks to choose from, so there are five ways of
choosing brick 1. Then there are four bricks left and so there are four ways of
choosing brick 2. And so on.
The total number of ways is
5
×
4
×
Brick 1
Brick 2

3
×
Brick 3

2
×
Brick 4

1
= 120.
Brick 5

Only one of these is the order 1, 2, 3, 4, 5 so the probability of Oscar
1
.
selecting it at random is 120
Number of possible
outcomes.

Do you agree with Oscar’s mother that he is a child prodigy, or do you
think it was just by chance that he put the bricks down in the right
order?
What further information would you want to be convinced that he is a
budding genius?

?

5.1 Factorials
In the last example you saw that the number of ways of placing five different
bricks in a line is 5 × 4 × 3 × 2 × 1. This number is called 5 factorial and is
written 5!.You will often meet expressions of this form.
2

In general the number of ways of placing n different objects in a line is n!,
where n! = n × (n − 1) × (n − 2) × ... × 3 × 2 × 1.

5

n must be a positive integer.

Example 5.1

Calculate 7!

5 PERMUTATIONSANDCOMBINATIONS

Solution
7! = 7 × 6 × 5 × 4 × 3 × 2 × 1 = 5040
Some typical relationships between factorial numbers are illustrated below:
10! = 10 × 9!
or in general n! = n × [(n − 1)!]
10! = 10 × 9 × 8 × 7! or in general n! = n × (n − 1) × (n − 2) × [(n − 3)!]
These are useful when simplifying expressions involving factorials.
Example 5.2

Calculate 5 !
3!

Solution
5 ! = 5 × 4 × 3 ! = 5 × 4 = 20
3!
3!

Example 5.3

Calculate 7 ! × 5 !
3! × 4 !

Solution
7! × 5! = 7 × 6 × 5 × 4 × 3! × 5 × 4 !
3! × 4 !
3! × 4 !
= 7 × 6 × 5 × 4 × 5 = 4 2 00
Example 5.4

Write 37 × 36 × 35 in terms of factorials only.

Solution
37 × 36 × 35 = 37 × 36 × 35 × 34 !
34 !
= 37 !
34 !
Example 5.5

(i)
(ii)

3

Find the number of ways in which all five letters in the word
GREAT can be arranged.
In how many of these arrangements are the letters A and E next to
each other?

Solution
(i)

There are five choices for the first letter (G, R, E, A or T). Then
there are four choices for the next letter, then three for the third
letter and so on. So the number of arrangements of the letters is

5

5 × 4 × 3 × 2 × 1 = 5! = 120
(ii)

5.1 Factorials

The E and the A are to be together, so you can treat them as a
single letter.
So there are four choices for the first letter (G, R, EA or T), three
choices for the next letter and so on.
So the number of arrangements of these four ‘letters’ is
4 × 3 × 2 × 1 = 4! = 24

However

EA G

R

T

is different from

AE G

R

T

So each of the 24 arrangements can be arranged into two different orders.
The total number of arrangements with the E and A next to each other is
2 × 4! = 48

Note
The total number of ways of arranging the letters with the A and the E apart is

120 – 48 = 72
Sometimes a question will ask you to deal with repeated letters.
Example 5.6

Find the number of ways in which all five letters in the word GREET can be
arranged.

Solution
There are 5! = 120 arrangements of five letters.
However, GREET has two repeated letters and so some of these
arrangements are really the same.
For example,

E

E

G

R

T

is the same as

E

E

G

R

T

The two Es can be arranged in 2! = 2 ways, so the total number of
arrangements is 5 ! = 60.
2!
4

5

Example 5.7

How many different arrangements of the letters in the word
MATHEMATICAL are there?

Solution
There are 12 letters, so there are 12! = 479 001 600 arrangements.
However, there are repeated letters and so some of these arrangements are the same.

5 PERMUTATIONSANDCOMBINATIONS

For example,

and

M A

T

H

E

M A

T

I

C

A

L

M A

T

H

E

M A

T

I

C

A

L

M A

T

H

E

M A

T

I

C

A

L

are the same.
In fact, there are 3! = 6 ways of arranging the As.
So the total number of arrangements of
M A

T

H

E

M A

T

I

C

A

L is

12 letters

12!
––––––––– = 19 958 400
2! × 2! × 3!

Three As repeated
Two Ts repeated

Two Ms repeated

Example 5.7 illustrates how to deal with repeated objects.You can generalise
from this example to obtain the following:
» The number of distinct arrangements of n objects in a line, of which p
are identical to each other, q others are identical to each other, r of a third
n! .
type are identical, and so on is
p ! q ! r !…
Exercise 5A
1

Calculate

(i) 8!

2

Simplify

(i)

3

Simplify

(i) (n + 1)!

4

Write in factorial notation

(n − 1)!
n!
(n + 3)!

(i) 8 × 7 × 6

5× 4 × 3

5
5

Factorise

(i) 7! + 8!

(iii) 5! × 6 !

(ii) 8 !

7! × 4 !

6!
(n − 1)!

(ii) (n − 2)!

n!

(ii) (n − 2)!

(ii)

15 × 16 (iii) (n + 1)n(n − 1)
4 × 3× 2
4 × 3× 2

(ii) n! + (n + 1)!

6

7
8

PS

9

5
5.1 Factorials

How many different four letter words can be formed from the letters
A, B, C and D if letters cannot be repeated? (The words do not need to
mean anything.)
How many different ways can eight books be arranged in a row on a
shelf?
In a motoring rally there are six drivers. How many different ways are
there for the six drivers to finish?
In a 60-metre hurdles race there are five runners, one from each of the
nations Austria, Belgium, Canada, Denmark and England.
(i) How many different finishing orders are there?

What is the probability of predicting the finishing order by
choosing first, second, third, fourth and fifth at random?
10 Chenglei has an MP3 player which can play tracks in ‘shuffle’ mode. If
an album is played in ‘shuffle’ mode the tracks are selected in a random
order with a different track selected each time until all the tracks have
been played.
Chenglei plays a 14-track album in ‘shuffle’ mode.
(ii)

PS

PS

(i)

In how many different orders could the tracks be played?

(ii)

What is the probability that ‘shuffle’ mode will play the tracks in
the normal set order listed on the album?

11 In a ‘Goal of the season’ competition, participants are asked to rank ten

goals in order of quality.
The organisers select their ‘correct’ order at random. Anybody who
matches their order will be invited to join the television commentary
team for the next international match.
What is the probability of a participant’s order being the same as
that of the organisers?
(ii) Five million people enter the competition. How many people
would be expected to join the commentary team?
12 The letters O, P, S and T are placed in a line at random. What is the
probability that they form a word in the English language?
13 Find how many arrangements there are of the letters in each of these
words.
(i) EXAM
(ii) MATHS
(iii) CAMBRIDGE
(iv) PASS
(v) SUCCESS
(vi) STATISTICS
14 How many arrangements of the word ACHIEVE are there if
(i) there are no restrictions on the order the letters are to be in
(ii) the first letter is an A
(iii) the letters A and I are to be together.
(iv) the letters C and H are to be apart.
(i)

PS
PS

PS
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2 CONTINUOUSRANDOMVARIABLES

2

Continuous random
variables
The mean and variance of the uniform (rectangular)
distribution
Earlier the mean and variance of a particular uniform distribution were calculated.
This can easily be extended to the general uniform distribution given by:
1
b − a
=0

f(x) =

for a  x  b
otherwise.

f(x)
1
ba

a

0

b

ab
mean
2

x

▲ Figure 2.12

Mean

By symmetry the mean is a + b
2

Variance

Var(X) =

∫

=

∫

=

∫

∞

−∞
b
a
b
a

x 2 f ( x ) d x − [E( X )]2

x 2 f ( x ) d x − [E( X )]2

( )

x 2 dx − a + b
b−a
2

2

b

x3
=  3(b − a )  − 1 (a 2 + 2ab + b 2 )
 a 4


1

3
3
= b − a − 1 (a 2 + 2ab + b 2 )
3(b − a ) 4
(b − a ) 2
=
(b + ab + a 2 ) − 1 (a 2 + 2ab + b 2 )
4
3(b − a )
= 1 (b 2 – 2ab + a 2 )
12
= 1 (b − a ) 2
12

Exercise 2B

1

Find

f(t) = 6 − t
18
=0

2
2.5 The uniform (rectangular) distribution

2

The continuous random variable X has probability density function f(x)
where
f(x) = 81 x for 0  x  4
=0
otherwise.
Find
(i) E(X)
(ii) Var(X)
(iii) the median value of X.
The continuous random variable T has probability density function
defined by
for 0  t  6
otherwise.

E(T )
(ii) Var(T)
(iii) the median value of T.
(i)

3

The continuous random variable Y has probability density function f(y)
defined by
f(y) = 12y 2(1 – y)
=0

for 0  y  1
otherwise.

Find E(Y ).
(ii) Find Var(Y ).
(iii) Show that, to 2 decimal places, the median value of Y is 0.61.
The random variable X has probability density function.
(i)

4

f(x) = 1 for –2  x  4
6
=0
otherwise.
(i) Sketch the graph of f(x).
(ii) Find P(X < 2).
(iii) Find E(X).
(iv) Find P( X  1).
5

The continuous random variable X has probability density function f(x)
defined by
 2 x(3 − x)
f(x) =  9
0

for 0  x  3
otherwise.

Find E(X).
(ii) Find Var(X).
(iii) Find the mode of X.
(i)

2

(iv) Find the median value of X.

2

(v)

6

2 CONTINUOUSRANDOMVARIABLES

Draw a sketch graph of f(x) and comment on your answers to parts
(i), (iii) and (iv) in the light of what it shows you.

7

M

8

k(3 + x) for 0  x  2
The function f(x) = 
otherwise.
0
is the probability density function of the random variable X.
1
(i) Show that k = .
8
(ii) Find the mean and variance of X.
(iii) Find the probability that a randomly selected value of X lies
between 1 and 2.
A continuous random variable X has a uniform (rectangular) distribution
over the interval (4, 7). Find
(i) the probability density function of X
(ii) E(X)
(iii) Var(X)
(iv) P(4.1  X  4.8).
The distribution of the lengths of adult Martian lizards is uniform
between 10 cm and 20 cm. There are no adult lizards outside this range.
(i) Write down the probability density function of the lengths of the
lizards.
(ii) Find the mean and variance of the lengths of the lizards.
(iii) What proportion of the lizards have lengths within
(a) one standard deviation of the mean
(b)

PS

3

9

two standard deviations of the mean?

The continuous random variable X has probability density function f(x)
defined by
 a for 1  x  2
f(x) =  x
 0 otherwise.
(i) Find the value of a.
(ii) Sketch the graph of f(x).
(iii) Find the mean and variance of X.
(iv) Find the proportion of values of X between 1.5 and 2.
(v) Find the median value of X.
10 The random variable X denotes the number of hours of cloud cover per day at
a weather forecasting centre.The probability density function of X is given by
 ( x − 18) 2 0  x  24,
f (x ) = 
k
otherwise,
 0
where k is a constant.

Show that k = 2016.
(ii) On how many days in a year of 365 days can the centre expect to
have less than 2 hours of cloud cover?
(iii) Find the mean number of hours of cloud cover per day.
(i)

2

[Cambridge International AS and A Level Mathematics 9709, Paper 7 Q7 June 2005]

11 The random variable X has probability density function given by

0x1
otherwise.

2.5 The uniform (rectangular) distribution

4 x k
f (x ) = 
0

where k is a positive constant.
(i)

Show that k = 3.

(ii)

Show that the mean of X is 0.8 and find the variance of X.

(iii) Find the upper quartile of X.
(iv) Find the interquartile range of X.
[Cambridge International AS and A Level Mathematics 9709, Paper 7 Q5 June 2006]

12 If Usha is stung by a bee she always develops an allergic reaction. The

time taken in minutes for Usha to develop the reaction can be modelled
using the probability density function given by
 k
f(t) =  t + 1
 0

0  t  4,
otherwise,

where k is a constant.
(i)
(ii)

Show that k = 1 .
ln 5
Find the probability that it takes more than 3 minutes for Usha to
develop a reaction.

(iii) Find the median time for Usha to develop a reaction.
[Cambridge International AS and A Level Mathematics 9709, Paper 7 Q7 June 2008]

13 The time in minutes taken by candidates to answer a question in an

examination has probability density function given by
k(6t − t 2)
f(t) = 
0

3  t  6,
otherwise,

where k is a constant.
(i) Show that k = 1 .
18
(ii) Find the mean time.
(iii) Find the probability that a candidate, chosen at random, takes

longer than 5 minutes to answer the question.
(iv) Is the upper quartile of the times greater than 5 minutes, equal to 5
minutes or less than 5 minutes? Give a reason for your answer.
[Cambridge International AS and A Level Mathematics 9709, Paper 7 Q5 June 2009]

4

2 CONTINUOUSRANDOMVARIABLES

2

14 The time in hours taken for clothes to dry can be modelled by the

continuous random variable with probability density function given by
k t
f(t) = 
0

1  t  4,
otherwise,

where k is a constant.
3
(i) Show that k = .
14
(ii) Find the mean time taken for clothes to dry.
(iii) Find the median time taken for clothes to dry.
(iv) Find the probability that the time taken for clothes to dry is
between the mean time and the median time.
[Cambridge International AS and A Level Mathematics 9709, Paper 7 Q7 November 2008]

15 The random variable T denotes the time in seconds for which a firework

burns before exploding. The probability density function of T is given by
k e0.2t 0  t  5,
f (t) = 
otherwise,
0
where k is a positive constant.
1 .
(i) Show that k =
5(e − 1)
(ii) Sketch the probability density function.
(iii) 80% of fireworks burn for longer than a certain time before they

explode. Find this time.
[Cambridge International AS and A Level Mathematics 9709, Paper 71 Q5 June 2010]

KEY POINTS
1

If X is a continuous random variable with probability density function
(p.d.f.) f(x)
●

∫ f(x) dx = 1

for all x

●

f(x)  0

●

P(c  x  d) =

●

E(X) =

●

∫c f(x) dx

∫ x f (x) d x
Var(X) = ∫ x f ( x ) d x − [E( X )]
2

●

●

●

5

2

The mode of X is the value for which f(x) has its greatest magnitude.
The uniform (rectangular) distribution over the interval (a, b)
●

2

d

1
b − a
E(X) = 1(a + b)
2
(b − a ) 2
Var(X) = 12
f(x) =

2

LEARNING OUTCOMES

2.5 The uniform (rectangular) distribution

Now that you have finished this chapter, you should be able to
■ use a simple continuous random variable as a model
■ understand the meaning of a probability density function (p.d.f.) and
be able to use one to find probabilities
■ know and use the properties of a p.d.f.
■ sketch the graph of a p.d.f.
■ find the
■ mean
■ median
■ variance
■ percentiles
from a given p.d.f.
■ use probability density functions to solve problems.
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